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Abstract 

Applied to field theory, the familiar symplectic technique leads to instantaneous Hamil¬ 
tonian formalism on an infinite-dimensional phase space. A true Hamiltonian partner of 
first order Lagrangian theory on fibre bundles Y —> X is covariant Hamiltonian formal¬ 
ism in different variants, where momenta correspond to derivatives of fields relative to all 
coordinates on X. We follow polysymplectic (PS) Hamiltonian formalism on a Legendre 
bundle over Y provided with a polysymplectic TA-valued form. If X = R, this is a case of 
time-dependent non-relativistic mechanics. PS Hamiltonian formalism is equivalent to the 
Lagrangian one if Lagrangians are hyperregular. A non-regular Lagrangian however leads 
to constraints and requires a set of associated Hamiltonians. We state comprehensive rela¬ 
tions between Lagrangian and PS Hamiltonian theories in a case of semiregular and almost 
regular Lagrangians. Quadratic Lagrangian and PS Hamiltonian systems, e.g. Yang - Mills 
gauge theory are studied in detail. Quantum PS Hamiltonian field theory can be developed 
in the frameworks both of familiar functional integral quantization and quantization of the 
PS bracket. 
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Introduction 

Applied to field theory, the familiar symplectic Hamiltonian technique takes the form of instanta¬ 
neous Hamiltonian formalism on an infinite-dimensional phase space, where canonical coordinates 
are field functions at some instant of time m- The true Hamiltonian counterpart of classical 
first order Lagrangian field theory on a fibre bundle Y —> X is covariant Hamiltonian formal¬ 
ism, where canonical momenta p? correspond to jets y * of field variables y l with respect to all 
coordinates (x M ) on a base X. This formalism has been vigorously developed since 1970s in the 
Hamilton De Donder, polysymplectic, multisymplectic, fc-symplectic, fc-cosymplectic and other 
variants (see H0 0 0 HO US ESH EHEH EHEH EH133131 EH OHOHEH and references therein). 

Here, we are not concerned with higher order Lagrangian theory 01331 M HU and poly- 
Poisson formalism [221ES2] • 

We follow polysymplectic (PS) Hamiltonian formalism where the Legendre bundle n (11.151) 
plays a role of the momentum phase space of field theory on a fibre bundle Y —> X nnnnmm 
El ESI EH- ft is provided with the canonical TX-valued PS form (ED and, if Y —> X is a vector 
bundle, with the PS bracket (14.31) (Section 4). 

If X = R, this is the case of Hamiltonian time-dependent (non-autonomous) non-relativistic 
mechanics on a fibre bundle Q —> r mmm- Its momentum phase space is the vertical 
cotangent bundle V*Q of Q —> R endowed with the vertical (fibrewise) Poisson structure (17.111) 
(Section 7). 

A Hamiltonian in PS theory on the Legendre bundle n (11.151) is defined as a section h of 
the one-dimensional affine bundle Zl II (11.251) where Zy- (11.221) is a homogeneous Legendre 
bundle endowed with the canonical multisymplectic form (15.11) 1. Its pull-back with respect to a 
Hamiltonian —h is a Hamiltonian form H (15.21) on a Legendre bundle R ft defines the first order 
covariant Hamilton equation (16.41) (16.51) on n. 

The Legendre bundle n (11.151) and the homogeneous Legendre bundle Zy (11.221) play a role of 
the momentum and homogeneous momentum phase spaces in PS Hamiltonian theory, respectively 
(Sections 5-6). 
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Any first order Lagrangian L dH) on a jet manifold J l Y yields the Legendre map L : 
J l Y —> II (11.141) . Conversely, any Hamiltonian form H (15.21) on n defines the momentum 
map H : n —»• J X Y (15.91) . With the Legendre and momentum maps, on can relate Lagrangian 
formalism on J X Y and PS Hamiltonian formalism on n. They are not equivalent in general. 

Lagrangian and PS Hamiltonian formalisms are equivalent in a case of a hyperregular Lagran¬ 
gian L (Theorem 19.11) . In Section 9, we state the comprehensive relations between Lagrangian 
and PS theories in a case of semiregular and almost regular Lagrangians (Definition II .ID . 

It should be emphasized that PS Hamiltonian formalism on a Legendre bundle n is equivalent 
to particular first order Lagrangian theory on n. Given the Hamiltonian form H (15.21) on n, the 
corresponding covariant Hamilton equation (16.41) (16.51) is the Euler - Lagrange equation (11.81) of 

the affine first order Lagrangian Ljj (16.21) (Theorem 16.21) . Moreover, it follows from the equality 
(110.151) that a Hamiltonian form H possesses the same classical symmetries as a Lagrangian Lh 
(Section 10). This fact enable us to describe symmetries of PS Hamiltonian theory similarly to 
those in Lagrangian formalism. 

In Section 11, the vertical extension of Lagrangian and PS Hamiltonian systems are consid¬ 
ered. They describe linear deviations of solutions of Euler - Lagrange and covariant Hamilton 
equations which are Jacobi fields. 

Section 12 provides the detailed analysis of quadratic Lagrangian and PS Hamiltonian sys¬ 
tems. The most physically relevant example of these systems is Yang - Mills gauge theory of 
principal connections (Section 13). Its analysis shows that the main ingredients in gauge theory 
are not directly related with the gauge invariance property, but are common for theories with 
almost regular quadratic Lagrangians. 

Affine Lagrangian and PS Hamiltonian systems also are considered (Section 14). For instance, 
this is the case of metric-affine gravitation theory m na m- 

In order to quantize covariant Hamiltonian field theory, one usually attempts to construct 
different multimomentum generalizations of a Poisson bracket [huh mi mm]. In Section 16, 
we discuss some variants of such kind quantization based on the PS bracket (14.31) . 

At the same time, the above mentioned fact that PS Hamiltonian formalism on a Legendre 
bundle n is equivalent to particular first order Lagrangian theory on n enables us to quantize PS 
Hamiltonian field theory in the framework of familiar perturbative quantum field theory (Section 
15). 

Throughout the work, we follow familiar technique of fibre bundles, jet manifolds and con¬ 
nections mi mu 03 . All morphisms are smooth, and manifolds are smooth real and finite- 
dimensional. Smooth manifolds customarily are assumed to be Hausdorff second-countable and, 
consequently, locally compact and paracompact. Unless otherwise stated, they are connected. 

The standard symbols <g>, V, and A stand for the tensor, symmetric, and exterior products, 
respectively. The interior product (contraction) is denoted by J. By d^ are meant the partial 
derivatives with respect to coordinates with indices 

If Z is a manifold, we denote by 

n z : TZ ->• Z, tt| : T*Z -*• Z 

its tangent and cotangent bundles, respectively. Given manifold coordinates (z a ) on Z, they are 
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equipped with the holonomic coordinates 


(* A ,i A ), 


i ,A = 


dz 


/ A 


dz» 


(z A ,i A ), z' x = 


dz 

dz x 




with respect to the holonomic frames {9 a} and coframes {dz A } in the tangent and cotangent 
spaces to Z, respectively. Any manifold morphism / : Z —>• Z' yields the tangent morphism 


Tf : TZ —»• TZ', 


z' x oTf = 


9/ A 

- Z h 

dx^ 


We use the compact notation = d/dz 

Given a fibre bundle Y —> X endowed with bundle coordinates (x x ,y i ), we denote by VY and 
V* its vertical tangent and cotangent bundles provided with holonomic coordinates (x x ,y t ,y‘ l ) 
and {x x ,y l ,y i ), respectively. 

The symbol C°°(Z) stands for the ring of smooth real functions on a manifold Z. 


1 First order Lagrangian formalism on fibre bundles 

As was mentioned above, we restrict our consideration to first order Lagrangian formalism on a 
smooth fibre bundle n : Y —> X over an oriented (1 < ro)-dimensional base X (see Section 7 for 
a case of n = 1) QTO, H3 SS]. Let Y be provided with an atlas of bundle coordinates (x x , y l ). 

A velocity phase space of first order Lagrangian theory on a fibre bundle Y is the first order 
jet manifold J X Y of sections of Y —> X (or, simply, of Y). It is endowed with the adapted 


coordinates ( x x ,y l ,y\ ) possessing transition functions 

y ' x = -^ x ^ +y ^ )yH - (L1) 

There are natural fibrations 

7r 1 : J X Y -»■ A', tt^ : J l Y -»• Y, (1.2) 

where the latter is an affine bundle modelled over a vector bundle 

T*X <g) VY -> Y. (1.3) 

There are the canonical imbeddings 

A (1) : J 1 Y ^ T*X®TY , A (1) = dx x 0 {d x + y\d t ) = dx x 0 d x , (1.4) 

0 (1) : J l Y ^T*Y®VY, 0 (1} = (dy 1 - y\dx x ) 0 d t = 0 l 0 d t , (1.5) 

where d\ denote the total derivatives, and 9 l are local contact forms. 

A first order Lagrangian of Lagrangian theory on a fibre bundle Y —> X is defined as a density 

i n 

L = Clo : J^Y —>• AT*A (1.6) 


on the first order jet manifold J 1 Y of Y where, for the sake of simplicity, we denote 

Tt TL YL TL 

AT*A = tt}(AT*A) = J X Y x AT*A = J X Y x AT* X. 

X Y 
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The corresponding second-order Euler - Lagrange operator reads 

o Ti 

SL = £ l : J 2 Y ->■ T*Y A (A T*X), 

£ l = {diC - dxirfW A u>, -k x = d x C, (1.7) 

d\=d\ + y\di + Vx^d?, 

where J 2 Y is the second order jet manifold of Y —V X coordinated by (x x ,y t ,y\,y\ = y* A ). 
Its kernel Ker £l C J 2 Y is the second order Euler - Lagrange equation on Y locally given by 
equalities 

SiL(di - d x d x )C = 0. (1.8) 

Remark 1.1. Strictly speaking, the Euler - Lagrange equation HH) fails to be a differential 
equation in general because Ker £l C J 2 Y need not be a closed subbundle of J 2 Y —» X dans]. 

In a general setting, Lagrangians (11.61) and Euler - Lagrange operators 5L (11.71) in Lagrangian 
formalism on a fibre bundle Y —> X are introduced as elements of the variational bicomplex of 
exterior forms on an infinite order jet manifold J°°Y Its cohomology defines the 

global variational decomposition 

dL = SL — dft'E.L (1.9) 

over J 2 Y where 

dH(f> = dx x t\d\(j> (1.10) 

is the total differential of exterior forms <j> on J 2 Y , and S l is some Lepage form which is a Lepage 
equivalent of a Lagrangian L, i.e., 

L = h 0 (E L ), 

h 0 (dx x ) = dx x , h 0 (dy l ) = y\dx x , h 0 (dy 1 ^) = y l XfJ/ dx x . 

Defined up to a dn~ closed form, a form reads 

Z L = L + (n x - d l _ l a l j lX )9 l A u x + crf^ A u x , u x = d x Jw, (1.11) 

where erf 1 = —a X,J are skew-symmetric local functions on Y. Lepage equivalents constitute an 
affine space modelled over a vector space of d^-exact one-contact Lepage forms 

p = -d^a^d 1 A u x + a^O^ A w\. 

Let us choose the Poincare - Cartan form 

H l = Clo + n x e i A uj x (1.12) 

as the origin of this affine space because it is defined on J X Y. 

Given the Lagrangian l cu), let us consider the vertical tangent map 

VL : V Y J l K ^kyj'Yx AT*X (1.13) 
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to L over Y , where VyJ x Y denotes the vertical tangent bundle of J 3 Y —> Y. Since J X Y —» Y is 
an affine bundle modelled over the vector bundle (11.31) . we have the canonical vertical splitting 


VyJ 1 Y = J X Y x(T*X®VY). 

Y Y 

Accordingly, the vertical tangent map VL (11.131) yields a linear morphism 

i t rb 

J X Y x(T*X®VY) — >J 1 Yx( AT’I) 

Y Y Y 

over J X Y and the corresponding morphism 

L : J X Y —► V*Y ®(A T*X) ® TX (1.14) 

over Y. It is called the Legendre map associated to a Lagrangian L. 

A fibre bundle 

II = V*Y <g>(A T*X) <g> TX *-24 Y (1.15) 

over Y is called the Legendre bundle. It is provided with the holonomic coordinates (a; , y*,p A ) 
possessing transition functions 

/A 

(1.16) 


dx e \ dy 3 dx’> u 

■Pi ■ 


P i ^ \dx"') dy' 1 dxv*’ 3 

With respect to these coordinates, the Legendre map (11.141) reads 

Pi°L = 7r A . 


(1.17) 


Remark 1.2. There is the canonical isomorphism 

n = V*Y A( A T*X), (p A ) pfdy'wx, 

where {dy 1 } are fibre bases for the vertical cotangent bundle V*Y of Y —tX. 

Certainly, the Legendre map (11.141) need not be a bundle isomorphism. Its range 

n l = l(j 1 y) c n 

is called the Lagrangian constraint space. 

Definition 1.1. A Lagrangian L is said to be: 

• hyperregular if the Legendre map L is a diffeomorphism; 

• regular if L is a local diffeomorphism over Y, i.e., det(9f5J£) ^ 0; 

• semiregular if the inverse image L~ 3 (z) of any point z £ Nl is a connected submanifold of 
J l Y- 

• almost regular if the Lagrangian constraint space Nl (11.191) is a closed imbedded subbundle 

in : Nl LI (1.20) 

of a Legendre bundle II —> Y and the Legendre map 

L : J 3 Y N l (1.21) 


(1.18) 

(1.19) 
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is a fibred manifold with connected fibres (i.e., a Lagrangian L is semiregular). 
The Poincare - Cartan form (11.121) in turn takes its values into a subbundle 


□ 


i n —1 

Jiy X (T*YA( A T*X)) 

Y Y 


n 

of A 


T*J 1 Y. Hence, it defines a bundle morphism 


- n— 1 

H l : J X Y -s- Z Y = T*Y A( A T*X), 


( 1 . 22 ) 


over y whose range 

Z l = H l (J 1 Y ) (1.23) 

is an imbedded subbundle iL : Zl —> Zy of the fibre bundle Z Y -A Y (11.221) . This morphism is 
called the homogeneous Legendre map. Accordingly, the fibre bundle Zy —»• Y (11.221) is said to 
be the homogeneous Legendre bundle. It is equipped with holonomic coordinates (x x , y l , p x , p) 
possessing transition functions 


p'i = det 



dy^dx^ M 

dy' 1 dx» Pj ’ 


/ 

P 




dy^dy^ 
dy ,l dx} 1 J 


With respect to these coordinates, the morphism Hl (11.221) reads 


(1.24) 


(. Pi,p)°H L 


(7rf,£-2/>0- 


A glance at the transition functions (11.241) shows that Zy (11.221) is a one-dimensional affine 
bundle 

TTzn : Zy -A n (1.25) 

over the Legendre bundle n (11.181) modelled over the pull-back vector bundle 

n 

n x AT*A —»■ n. ( 1 . 26 ) 

X 

Moreover, the Legendre map L (11.141) is exactly the composition of morphisms 

L = TT Z n oH l ■ J X Y -)>n. (1.27) 

Y 

As was mentioned above, the Legendre bundle n (11.151) and the homogeneous Legendre bundle 
Zy (11.221) play a role of the momentum phase space and a homogeneous momentum phase space 
in PS Hamiltonian theory, respectively (Section 5). 


2 Cartan and Hamilton — De Donder equations 

Note that the Euler - Lagrange equation (11.81) do not exhaust all equations considered in first 
order Lagrangian theory. 

Being a Lepage equivalent of a Lagrangian L, the Poincare - Cartan form Hl (11.121) also is 
a Lepage equivalent of a first order Lagrangian 

L = h 0 {H L ) = {C+{y i x -y\)-K X )LO, h^dy 1 ) = y\dx x , (2.1) 
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on the repeated jet manifold J 1 J 1 F, coordinated by (x A , y\y\, y^, y l ^\)- 

The Euler - Lagrange operator for L (called the Euler - Lagrange - Cartan operator) reads 

SL = £ t : J 1 J x Y -> T*J X Y A (A T*X), 

% = K d i c ~ d\*i + di*j(y{ - y{)W + dfrf(y^ - yjj)dy\\ A w, (2.2) 

d\ = d x + y\di + y\ffl. 

Its kernel Ker£j- C J 1 J X Y is the first order Cartan equation on J X Y locally given by equalities 

dirfiyi -Up = °» (2-3) 

dtC - d\n^ + (y{ - ytfdirf = 0. (2.4) 

Since £j;\j2y = £l, the Cartan equation (|2.3|) (|2.4[) is equivalent to the Euler - Lagrange 

on on integrable sections s = J 2 s of J X Y —> X , where s are sections of Y —> X. These 
equations are equivalent if a Lagrangian is regular. The Cartan equation (12.31) (12.41) on sections 

s : X —>■ J X Y is equivalent to the relation 

s*{u\dH L ) = 0, (2.5) 

which is assumed to hold for all vertical vector fields u on J X Y —>• A'. 

The homogeneous Legendre bundle Zy (11.221) admits the canonical multisymplectic Liouville 
form 

Sy = puj + p* dy l A w\. (2.6) 

Accordingly, its imbedded subbundle Zl (11.231) is provided with the pull-back De Donder form 
Sl = There is the equality 

H L = H* L Z L = HUil~ Y ). (2.7) 

By analogy with the Cartan equation (12.51) . the Hamilton - De Donder equation for sections r 
of Zl —» X is written as 

r*{u\d~ L ) = 0 , ( 2 . 8 ) 

where u is an arbitrary vertical vector field on Zl —> X. Then the following holds 18]. 

Theorem 2.1. Let the homogeneous Legendre map Hl be a submersion. Then a section s 
of J X Y -A X is a solution of the Cartan equation (12.51) iff Hl os is a solution of the Hamilton 
De Donder equation (12.81) . i.e., the Cartan and Hamilton De Donder equations are quasi¬ 
equivalent. □ 


Note that the Cartan and Hamilton - De Donder equations play a role of the Lagrangian 
partners of Hamilton equations in PS Hamiltonian theory (Section 9). 


3 Polysymplectic structure 

Treated as a momentum phase space of fields, the Legendre bundle n (11.151) is endowed with the 
following polysymplectic (PS) structure. 








There is the canonical bundle monomorphism 


0y : n A T*Y®TX, ©y = p X dy l A w® d x , (3.1) 

called the tangent-valued Liouville form on II. Strictly speaking, it is TX- valued, but not a 
tangent-valued (i.e., Til-valued) form on II. Therefore, standard technique of tangent-valued 
forms, as like as that of exterior forms, is not applied to ©y (13.11) . 

At the same time, there is a unique TX-valued (n + 2)-form 

fly = dp x A dy l A u> ® d\ (3.2) 

on II such that the relation 

Cly\(f> = d(&Y\(f>) (3.3) 

holds for an arbitrary exterior one-form (f> on X. The form (13.21) is called the polysymplectic 
(PS) form. 

Remark 3.1. It should be emphasized that, following [20], one often provides II (11.151) with 
an exterior form 

dp^ A dy l A w A , w A = 3 A Jw, 

which however globally is ill defined because it is not maintained under the transition functions 
(11.161) (cf. the form (11.181) 1. Our variant of PS formalism on the Legendre bundle II (11.151) is 
based just on the TX-valued PS form fly (13.21) [TOl ITT1 [151 (37] [40]. • 

Let J 1 !! be the first order jet manifold of a fibre bundle II —»• X. It is equipped with the 
adapted coordinates (x x ,y l ,p x ,yj l ,p x i ). A connection 

1 = dx x ®{d x + 1 \ dl + r xi d l J (3.4) 

on II —> X is called the Hamiltonian connection if an exterior form 

yj fly = (<9 a + 7 \di + 7 Ai 9;)J {dp x A dy l A w) 

on J 2 n is closed. Components of a Hamiltonian connection satisfy the conditions 

£ - ^7 A = 0, - djtft = 0, dj'yl + = 0. (3.5) 

If a form 7 J fly is closed, there is a contractible neighborhood U of each point of n where a 
local form yjfly is exact, i.e., 

7 Jfly = dp x A dy l Aw a - (7 \dp x - 7 Xi dy z ) Au = dH v (3.6) 

on U. It is readily observed that, by virtue of the conditions (13.5|) . the second term in the right- 
hand side of this equality also is closed and, consequently, an exact form on U. In accordance 
with the relative Poincare lemma ([10], Remark 4.4.2), this term can be brought into the form 
dT-Lu A w where Hu is a local function on U. Then a form Hu in the expression (13.61) reads 

H v = p x dy i A uj\ — Huu. (3.7) 
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Example 3.2. Every connection 


r = dx x <g> (d x + r^i) (3.8) 

on a fibre bundle Y —> X gives rise to a connection 

r = dx x <g> [a A + n- K x a aP ^dl] (3.9) 

on a Legendre bundle II —> X, where K is a symmetric linear connection 

K = dx x <g> (d x + K x tl v x v -^), (3.10) 

on the tangent bundle TX —>• X. Due to the isomorphism (11.181) . the connection (13.91) is con¬ 
structed as follows m- It is a tensor product 

f = (r x K) ® V*T (3.11) 

r 

over r of the product connection T x K on the pull-back bundle 

n— 1 

Y x A T*X -> A' 
x 

and the covertical connection VT to T: 

V*T = dx x <g> (dx + T'x^- - d 3 V (3.12) 

on the vertical cotangent bundle V*Y —}X. Since the connections T x K and ET are linear 
connections over T, their tensor product (13.111) is well defined. The connection (13.91) on II — > X, 
by construction, projects onto the connection T on Y —> X. It obeys a relation 

fjn F = -d(TJ0 y ) = dH r 

where a form 

H r = r*S Y = p x dy l A cu A - p x T\uj (3.13) 

globally is well defined. It follows that T (13.91) is a Hamiltonian connection. • 

Thus, Hamiltonian connections always exist on a Legendre bundle n — > X, and every con¬ 
nection T on Y —»• X gives rise to a Hamiltonian connection on n —> X. 

4 PS bracket 

If Y —> X is a vector bundle, the Legendre bundle n (11.151) also is provided with a PS bracket. 
Note that different generalizations of a Poisson bracket have been suggested in the framework of 
covariant Hamiltonian field theory 0H mj ii |22| . Here, we consider such a bracket in the 
framework of PS geometry, but it differs from that in our work [29] . In a case of time-dependent 
mechanics it reduces to the familiar vertical Poisson bracket {, }y (17.111) T7, 03|. 

Given an exterior bundle 

. . 2 n 

ATX = (A x R) ® TX ® A TX © • • ■ © A TX 

X X X X 


10 










let us consider a fibre bundle 


One can think of its sections 


n x(atx (gi a t*x) n. 


F = A • • • A ® u, \F\ = k, 


(4.1) 


(4.2) 


as being TX-multivalued densities on II. Let T*(II) denote their real space. It is an exterior 
algebra with respect to the exterior product 

F A G = A • • • A A c> Ql A • • • A d aq ®co, 

\F A G\ = |F| + |G|, FAG= (-l)l f H G lG A F. 

A manifested PS bracket on elements F (|4.2D of an algebra 7"*II) is introduced by the law 


{F, G} PS = 


l QpPP2-Pk QQC *l - «. 


(k-l)\q\ dp? 

1 QQaa 2 ---a q Qp^i-Pk 


(q — l)!/c! dp° 


dyi 


q t 9 M2 A • • • A A d ai A • • • A d aq ® w - 


d a2 A • • • A d aq A 9 Ml A • • • A ® u. 


(4.3) 


If Y —> X is a vector bundle, it is maintained under the transformations (11.1611 and, consequently, 
globally is well defined. 

The PS bracket (14.31) obeys the relations 

{F, G}ps = -{G, F } PS , | {F, G}ps| = |F| + |G| - 1. 


The Jacobi identity 


{5, {G, F}} PS + {G, {F, S}} PS + {F, {S, D}} PS = 0 
also holds if all the products 

|S-1||G-1|, |G-1||F-1|,|F-1||S-1| 

are even. In particular, it follows that a space of TAf-valued densities F € F l (II) constitute a 
real Lie algebra with respect to the PS bracket {, }ps (14.31) . 

If dim X = 1, the PS bracket (14.31) always is defined and, as was mentioned above, it is 
reduced to the Poisson bracket {> }v (17.111) of the canonical vertical Poisson structure on the 
vertical cotangent bundle V*Y (Section 7). 

It should be emphasized that the PS bracket {F,G}ps gD , as like as the Poisson bracket 
{, }y (17.111) . fails to describe dynamics of Hamiltonian systems [25], but in particular it yields 
the bracket (110.211) of Noether Hamiltonian currents. Similarly, the Poisson bracket {, }v (17.111) 
defines a Lie bracket of Noether currents in mechanics m- 

The PS bracket (14.31) can be applied to quantization of Hamiltonian field systems (Section 
16). 
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5 Hamiltonian forms 


In the framework of PS formalism, dynamics of sections of the Legendre bundle II (11.151) is 
described in terms of Hamiltonian forms. 

Let us consider the homogeneous Legendre bundle Zy (11.221) and the affine bundle Zy — > n 
(11.251) modelled over the pull-back bundle (11.261) . The homogeneous Legendre bundle Zy is 
provided with the canonical multisymplectic Liouville form Sy (12.61) . Its exterior differential 
cEy is the canonical multisymplectic form 

Hy = dp A oj + dp x A dy l A uj \. (5.1) 

Let h = —Tiuj be a section the affine bundle Zy —» n (11.251) . A glance at the transformation 
law (1 1.241) shows that it is not a density. By analogy with Hamiltonian time-dependent mechanics 
(Section 7), —h is said to be the covariant Hamiltonian of PS Hamiltonian theory. It defines the 
pull-back 

H = h*Zy = p x dy l /\u>\ — Hlo (5-2) 

of the multisimplectic Liouville form Sy onto a Legendre bundle n which is called the Hamiltonian 
form on n. 

The following is a straightforward corollary of this definition. 

Theorem 5.1. (i) Every connection T (13.81) on a fibre bundle Y —> X yields a section 

T = dy i ^ dy i - T\dx x 
of a fibre bundle T*Y — > V*Y which gives rise to a section 

h r ■ p X dy 1 <8> -t Pidy 1 A u>\ - p X T\uj 

of the affine bundle (11.251) . Consequently, it defines a Hamiltonian form 

hr^= Pi dy l A — p x (5.3) 

on a Legendre bundle n which coincides with the form Hr (13.131) . 

(ii) Hamiltonian forms constitute a non-empty affine space modelled over the linear space of 
densities H = Huj on n —> X which are sections of the pull-back bundle (11.261) . 

(iii) Given a connection T on Y —> X. every Hamiltonian form H (15.21) admits a decomposition 

H = Hr - Hr = p x dy i A u x - p x T\uj - U T u. (5.4) 

□ 

Moreover, every Hamiltonian form H (15.21) admits the canonical decomposition (15.121) as 
follows. 

We agree to call any bundle morphism 

<f> = dx x ®(d x + <f>\{x> l ,y j ,p l t)d i ) :n ^J l Y (5.5) 

j y 

over Y the Hamiltonian map. 
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In particular, let T be a connection on Y —> X. Then the composition 

f = r o ttuy = dx x 0 ( d x + T\di) : n Y J X Y ( 5 . 6 ) 

is a Hamiltonian map. Conversely, every Hamiltonian map $ : n —> J X Y yields the associated 
connection 

r$ = $ oO = dx x 0 {d x + ^>\{x^,y j ,0)di) (5.7) 

on Y —> X, where 0 is the global zero section of a Legendre bundle n —> Y. In particular, we 
have Tp = T. 

Theorem 5.2. Every Hamiltonian map (15.51) defines a Hamiltonian form 

H$ = — 3>J©y = p x dy z A u>x — p x $\uj. (5.8) 

□ 

Proof. Given an arbitrary connection T on a fibre bundle Y —> X, the corresponding Ha¬ 
miltonian map (15.61) defines the form — TJ©y which is exactly the Hamiltonian form Hr (13.131) . 
Since <1> — T is a VY -valued basic one-form on n —>■ X, H$ — Hr is a density on n. Then the 
result follows from item (ii) of Theorem 15.11 • 

The converse also is true. 

Theorem 5.3. Every Hamiltonian form H (15.21) on a Legendre bundle n —»• Y yields the 
associated Hamiltonian map 

HCn-^Y, y\oH = d\H. (5.9) 

□ 

Proof. In accordance with Theorem l6.2l below. any Hamiltonian form H admits the associated 
Hamiltonian connection 7 # (16.11) and defines the Hamiltonian map (15.91) : 

H = jVnv o lH : n -»■ J X H -)• J X Y. (5.10) 

Corollary 5.4. Every Hamiltonian form H (15.21) on a Legendre bundle n —»• Y yields the 
associated connection m-- 

T h = H o 0 = dx x 0 {d\ + dlfH{x* 1 , y\ 0 )df) (5.11) 

on a fibre bundle Y —> X. □ 

In particular, we have = T, where Hr is the Hamiltonian form (13. 13|) associated to a 
connection T on Y —> X. 

Corollary 5.5. Every Hamiltonian form H (15.21) admits the canonical splitting 

H = H Th -H. (5.12) 

□ 
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Remark 5.1. A Hamiltonian form is the main ingredient in PS Hamiltonian formalism 
because just it defines the covariant Hamilton equation (Section 6 ). Since Hamiltonian forms are 
the pull-back of the canonical multisymplectic form (EH on the homogeneous Legendre bundle 
Zy one can treat the latter as a homogeneous momentum phase space of PS formalism by analogy 


with the cotangent bundle in time-dependent mechanics (Section 7). 


6 Covariant Hamilton equations 

Let 7 (13.41) be a Hamiltonian connection on a Legendre bundle n —» X. 

Given a connection T on a fibre bundle Y —»• X, the local form Hu (13.71) in the expression 
m can be written as 


Hu = Hu — Hrijj, 


where Hr is the Hamiltonian form (15.31) and 7/rw is a local density on n. In accordance with 
item (ii) of Theorem 15. II it follows that Hu is a local Hamiltonian form. Thus, we have proved 
the following. 

Theorem 6.1. For every Hamiltonian connection 7 (13.41) on a Legendre bundle n — » X, 
there exists a local Hamiltonian form Hu in a neighborhood U of each point q G n such that 

7 J tty = dHu ■ 

□ 

The converse is the following. 

Theorem 6.2. Every Hamiltonian form H (15.21) admits a Hamiltonian connection 7 h which 
obeys the condition 


1h\ tty = dH, 7 \=d\U, 7 ii = -diH. 


( 6 . 1 ) 


□ 


Proof. It is readily observed that the Hamiltonian form H (15.21) is the Poincare - Cartan form 


(11.121) of an affine first order Lagrangian 


L h = h 0 (H) = (PiU\ - H)uj 


( 6 . 2 ) 


on the jet manifold J 1 n. The Euler - Lagrange operator (E3> associated to this Lagrangian 
reads 


n n 

SL h = £ h : J 1 n ->■ T* n A (A T*X), 

£h = [(2/1 - d\H)dp} - (p x Xl + d z H)dy 1 } A w. 


(6.3) 


It is called the Hamilton operator for H. A glance at the expression (16.31) shows that this operator 
is an affine morphism over n of constant rank. It follows that its kernel 
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(6.4) 

(6.5) 




is an affine closed imbedded subbundle of the jet bundle J 1 !! —> II. Therefore, it admits a global 
section 7 h which thus is a desired Hamiltonian connection obeying the relation m ■ • 

Remark 6.1. In fact, the Lagrangian (16.21) is the pull-back onto J^n of a form Lh on the 
product n x J X Y. • 

Y 

It should be emphasized that, if dimX > 1, there is a set of Hamiltonian connections asso¬ 
ciated to the same Hamiltonian form H. They differ from each other in soldering forms er on 
n —> X which fulfill the equation a\Ely = 0. 

Example 6.2. Any connection T (13.91) for different connections K (13.101) is a Hamiltonian 
connection for the Hamiltonian form Hr (13.131) . • 

Being a closed imbedded subbundle of the jet bundle J 1 n —>• X, the kernel (16.11) (16.51) of 

the Euler - Lagrange operator Eh (16.31) defines the Euler ■ Lagrange equation on R It is a first 
order dynamic equation called the covariant Hamilton equation. 

Every integral section r (i.e., J x r = 7 h 0 r) of a Hamiltonian connection 7 h associated to 
a Hamiltonian form H is obviously a solution of the covariant Hamilton equation (16.41) (16.51) . 

Conversely, if r : X —> n is a global solution of the covariant Hamilton equation (16.41) (16.51) . 

there exists an extension of the local section 

J x r : r{X) -7- Ker Eh 

to a Hamiltonian connection 7 h which has r as an integral section. Substituting J x r in (15.101) . 
we obtain the equality 

^(xny or) = H or ( 6 - 6 ) 

for every solution r of the covariant Hamilton equation (16.41) (16.51) which thus is equivalent to 

this equation. 

Remark 6.3. Similarly to the Cartan equation (12.51) . the covariant Hamilton equation (16.41) 
(16.51) is equivalent to the condition 

r*{u\dH) = 0 (6.7) 

for any vertical vector field u on n —» X. • 

Remark 6.4. The covariant Hamilton equation (16.41) (16.51) has a standard form 

Sab(.xA)d\(t> b = 

for the Cauchy problem or, to be more precise, for the general Cauchy problem since the coeffi¬ 
cients S* b depend on the variable functions 4> in general Q1 ID]- Here </> b is a compact notation 
for variables r l and r±. However, the characteristic form 

det(S^ 6 c A ), C\ G K, 

of this system fails to be different from zero for any c\. One can overcome this difficulty as 
follows. Let us single out a local coordinate a : 1 and replace the equation (16.41) with the equation 

dvr 1 = &IH, dkdlU = dxd{n , A ^ 1, (6.8) 

dy. = < 9 ^ + dyr l di + d^dl- 
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The systems < 16 . 81 ) and ( 16 . 51 ) have the standard form for the Cauchy problem with the initial 
conditions 

r\x') = 4>\x'), r?(x') = <ft(x'), d x r l = d\H, A ± 1, (6.9) 

on a local hypersurface S of X transversal to coordinate lines ad. If r l and r\ are solutions of the 
Cauchy problem (of class C 2 ) for the equations ( 16 . 81 ) and ( 16 . 51 ) with the initial conditions ( 16 . 91 ) . 
they satisfy the equation ( 16 . 41 ) . Thus, in order to formulate the Cauchy problem for a covariant 
Hamilton equation in PS Hamiltonian formalism, one should single a one of the coordinates out 
and consider the system of equations ( 16 . 81 ) and ( 16 . 51 ) . • 


7 Hamiltonian time-dependent mechanics 


As was mentioned above, if X = R = R, we are in a case of time-dependent Hamiltonian 
mechanics which admits time reparametrization t -3 t'(t) [17] . 

Let Q —> R be its configuration bundle coordinated by ( t,q a ). The corresponding Legendre 
bundle (11.151) is 


n = V*Q®T*R®TR. 
Q Q 


(7.1) 


It is endowed with holonomic coordinates ( t,q a ,p a ) possessing transition functions 


Pa = 


dg b 

dq'a 


Pb- 


This transformation law is the same as that of fibre coordinates on the vertical cotangent bundle 
V*Q —> Q of Q — > R. Therefore, we have the canonical isomorphism n = V*Q (11.181) of the 
Legendre bundle n (17.11) of time-reparametrized mechanics to a momentum phase space V*Q 
of time-dependent mechanics over the time axis R = R provided with the canonical Cartesian 
coordinate t with transition functions t' = f+const. mmm- Accordingly, the homogeneous 
Legendre bundle Zq (11.221) of time-reparametrized mechanics is isomorphic to the homogeneous 
momentum phase space T*Q of time-dependent mechanics over the time axis R. It is endowed 
with the holonomic coordinates (t,q a ,po,p a ), possessing transition functions 

P a = Po = [Po +-gj-Pb) ■ (7.2) 


Remark 7.1. Note that, relative to the Cartesian coordinate t, the time axis R is provided 
with the standard vector field d t and the standard one-form dt which also is the volume element 
on R. As a consequence, there is the one-to-one correspondence between the vector fields fdt , the 
densities fdt and the real functions / on R. Roughly speaking, one can neglect the contribution 
of TR and T*R to some expressions. In particular, the canonical imbedding m of J l Q takes 
a form 


A(i) : J X Q 3 {t,q a ,qf) -3 ( t,q a ,i — 1 ,q a — qf) G TQ, (7.3) 

A(!) = dt = dt + qfda- 

In view of the morphism A(i) ( 17 . 31 ) . any connection 

r = dt ® (dt + r a d a ) (7.4) 
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on a fibre bundle Q —> R can be identified with a nowhere vanishing horizontal vector field 

r = d t + r a d Q (7.5) 

on Q which is the horizontal lift rS t of the standard vector field dt on R by means of the 
connection (l7~fl) . Conversely, any vector field r on Q such that dt\ T = 1 defines a connection on 
Q — >• R. Therefore, the connections (TO) conventionally are identified with the vector Helds dm 
The integral curves of the vector field (17.511 coincide with the integral sections for the connection 


m ■ • 

A homogeneous momentum phase space T*Q admits the canonical Liouville form 

S T = p 0 dt + p a dq a (7.6) 

(cf. (12.61) 1 and the canonical symplectic form 

Qt = cE = dpo A dt + dp a A dq a (7.7) 

(cf. (15.11) 1 together with the corresponding Poisson bracket 

{f,g}T = d 0 fd t g-d°gd t f + d a fd a g-d a gd a f : f,g& C°°(T*Q). (7.8) 


This bracket yields the coinduced Poisson bracket (17.111) on a momentum phase space V*Q as 
follows. 

There is the canonical one-dimensional affine bundle 

C : T*Q ->• V*Q (7.9) 

(cf. (11.251) 1. A glance at the transformation law (17.21) shows that it is a trivial affine bundle. 
Indeed, given a global section h of £, one can equip T*Q with a global fibre coordinate 

Io=Po~h, I 0 o h = 0, 

possessing the identity transition functions. With respect to the coordinates (t,q a ,I 0 ,p a ) the 
fibration m reads 


(:Rx V*Q 9 (t iq a ,I 0lPa ) ( t lQ a ,p a ) € V*Q. (7.10) 

Let us consider the subring of C°°(T*Q) which comprises the pull-back (* f onto T*Q of 
functions / on the vertical cotangent bundle V*Q by the fibration ( (17791) . This subring is closed 
under the Poisson bracket (1771) . Then by virtue of the well-known theorem mm, there exists 
the degenerate coinduced Poisson structure 

{ f,g}v = d a fd a g-d a gd a f , f,g£C°°(V*Q ), (7.11) 

on a the vertical cotangent bundle V*Q such that 

C{f,g}v = {Cf,Cg}T- (7.12) 

The holonomic coordinates ( t,q a ,p a ) on V*Q are canonical for the Poisson structure (17.111) . 
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With respect to the vertical Poisson bracket (17.111) , the Hamiltonian vector fields of functions 
on V*Q read 

§ f = d i fd i -d i fd\ [0f,0f>]=0 { f,f’ }v , /, /' e C°°(V*Q). (7.13) 

They are vertical vector fields on V*Q —>• R. Accordingly, the characteristic distribution of 
the Poisson structure (17.111) is the vertical tangent bundle VV*Q C TV*Q of a fibre bundle 
V*Q —>■ R. The corresponding symplectic foliation on the momentum phase space V*Q coincides 
with a fibration V*Q —> R. 

One can think of the vertical Poisson bracket (17.111) as being the particular PS bracket (14.31) . 
Indeed, in view of Remark O the algebra of multivector densities (TO) comes to the ring 
C°°(V*Q), whereas the tangent-valued Liouville form (13.11) and the PS form (13.21) are associated 
to the pull-back forms 

© = h*(E t A dt) = Pidq 1 A dt, 

$7 = h*(Qr A dt) = dpi A dq l A dt (7-14) 

on V*Q , where h is some section of the trivial bundle (17.91) . They are independent of the choice 
of h. With (17.141) . the Hamiltonian vector field •&/ (17.131) for a function / on V*Q is given by 
the relation 


z9/Jf2 = —df A dt, 

while the vertical Poisson bracket (17.111) is written as 

{f,g}vdt = d g \i}f\n 

similarly to the PS bracket (14.31) . 

In contrast with autonomous Hamiltonian mechanics, the Poisson structure (17.111) fails to 
provide any dynamic equation on a fibre bundle V*Q — > R because Hamiltonian vector fields 
(17.131) of functions on V*Q are vertical vector fields, but not connections on V*Q —> R. Ha¬ 
miltonian dynamics on V*Q is described as a particular PS Hamiltonian dynamics in Section 5 

mm- 

A Hamiltonian on a momentum phase space V*Q —> R of non-relativistic mechanics is defined 
as a global section 

h : V*Q —>• T*Q, p 0 o h = H(t, q j ,Pj), (7.15) 

of the affine bundle C (ESI)- Given the Liouville form Sy CLED on T*Q, this section yields the 
pull-back Hamiltonian form 

H = (—h)*E = p k dq k - Hdt (7.16) 

on V*Q. This is the well-known invariant of Poincare - Cartan lj. 

Given a Hamiltonian form H (17.16[) . there exists a unique horizontal vector field (17.51) : 

7 h =d t - 7 l di - 7j<9\ 

on V*Q (i.e., a connection on R) such that 

lH \dH = 0. (7.17) 
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This vector field, called the Hamilton vector field, reads 

in = a t + d k m k - d k m k . (7.i8) 

In a different way, a Hamilton vector field 7 h is defined by the relation 

1h J = dH 

(cf. Ilfi.lll ). This vector field yields the first order dynamic Hamilton equation 

q k t = d k n , Ptk = - d k n (7.19) 

on V*Q —> R, where (t, q k ,Pk , q k • Ptk ) are the adapted coordinates on the first order jet manifold 
J 1 V*Q of V*Q -0 K. A solution of the Hamilton equation (17.191) is an integral section for the 
connection 7 # (17.181) . 

8 Iso-PS structure 

The canonical PS structure defined by the tangent-valued Liouville form 0y (13.11) and the PS 
form Sly (13.21) is by no means the unique PS structure on the Legendre bundle n (11.151) . One 
can consider its following deformation HOI . 

Let 


ij) = 8> d\ 

be a tangent-valued one-form on X corresponding to some isomorphism of the tangent bundle 
TX of X. Given the the tangent-valued Liouville form ©>- (13.11) and the PS form (13.2D . let 

us consider their deformations 


©•0 = = ^(x)Pidy l Aw <8 (8.1) 

= f2yJV> = A dy l Aw® d\ , (8.2) 

respectively. In comparison with the canonical forms ©y and Sly, the forms @0 (18.11) and $1^ 
(18.21) provide another PS structure on a Legendre bundle n. We agree to call call it the iso-PS 
structure. In particular, the relation 


= d(00j</>) (8.3) 

(cf. (13.31) 1 holds for an arbitrary exterior one-form (f> on X. 

Building on the forms ©0 and $1^, one can develop iso-PS Hamiltonian formalism by analogy 
with the canonical PS one in Sections 3-5. 

Let us say that that the connection 7 m on n —>• X is an iso-Hamiltonian connection if an 
exterior form 7 J Sly is closed. 

An exterior n-form L/y on n is called the iso-Hamiltonian form if there exists an iso-Hamiltonian 
connection 7 such that 


7)^0 — dHff,. 
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The following assertion shows that sets of iso-Hamiltonian connections and iso-Hamiltonian 
forms on n are not empty. 

Theorem 8.1. Let T be the connection (13.81) on Y —> X and T (13.91) its lift onto n —» X. 
We have an iso-Hamiltonian form 

Pidy 1 A — T \PiU) 

and the associated iso-Hamiltonian connection 

7 = f + - K a 0a t/j^ + K^ip^)p l 'dx x ® d^. 

□ 

Item (ii) of Theorem o also is extended to iso-Hamiltonian forms. Then as an immediate 
consequence of Theorem 18.11 we obtain the following corollary. 

Corollary 8.2. Any iso-Hamiltonian form is given by the expression 

H^ = H v ^ + Hru] = ip x Pi dy l A u>\ — (8.4) 

where T is a connection on Y — > X. □ 

By analogy with PS Hamiltonian formalism, one can introduce the Hamilton operator and 
obtain the covariant Hamilton equation associated to the iso-Hamiltonian form (18.41) . For sections 
r of a Legendre bundle n —»• X, this equation reads 

il> x d x r z = <^ 7 - 4 , = -diU#. 


9 Associated Hamiltonian and Lagrangian systems 

Let us study the relations between first order Lagrangian and covariant Hamiltonian formalisms 

nnunnni. 

We are based on the fact that any Lagrangian L on a configurations space J X Y defines the 
Legendre map L (11.141) and its jet prolongation 

J'L ■ J'J'Y ^J 1 n, ( P ^yl,P%)oJ 1 L=(n x ,yl,d^ x ), 

d x = d x +yid j+ yi^, 

and that any Hamiltonian form H on a momentum phase space n yields the Hamiltonian map 
H (15.91) and its jet prolongation 

J'h-.j 1 n -^WY, (y^ylj O J'H = (d;n,yi,d x d;H), 

d x = d x +y{d 3 +p Xj dl. 

Let us start with the case of a hyperregular Lagrangian L , i.e., when the corresponding 
Legendre map L is a diffeomorphism. Then L -1 is a Hamiltonian map. Let us consider the 
Hamiltonian form 

H = H 1 _ 1 +L~ U L, H=p?L- li li -£(x>*,yi,L- 1 j l ), (9.1) 
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where is the Hamiltonian form (15.811 associated to the Hamiltonian map L -1 . Let s be a 

solution of the Euler - Lagrange equation (If .81) for a Lagrangian L. A direct computation shows 
that L o J x s is a solution of the covariant Hamilton equation (I6.dll (16.51) for the Hamiltonian 
form H (19.11) . Conversely, if r is a solution of the covariant Hamilton equation (16.41) (16.51) for 

the Hamiltonian form H dm , then s = 7Tny or is a solution of the Euler - Lagrange equation 
m for L (see the equality (16.61) 1. Thus, one can state the following. 

Theorem 9.1. In a case of hyperregular Lagrangians, Lagrangian and PS Hamiltonian 
formalisms are equivalent. □ 

Let now L be an arbitrary Lagrangian on a configuration space J X Y. 

Definition 9.2. A Hamiltonian form H is said to be associated to a Lagrangian L if H 
satisfies the relations 


LoHoL = L, (9.2) 

H = H a + H*L. (9.3) 

□ 

A glance at the relation (19.21) shows that L o H is a projector 

Pi{v) =d?C(x tl ,y\d 3 x 'H{p)), p <E N L , (9.4) 

from n onto the Lagrangian constraint space Nl = L(J 1 Y) (11.191) . Accordingly, H o L is a 
projector from J X Y onto H(Nl). 

Definition 9.3. A Hamiltonian form is called weakly associated to a Lagrangian L if the 


condition (19.31) holds on a Lagrangian constraint space Nl. □ 

Theorem 9.4. If a Hamiltonian map $ (15.51) obeys a relation 

Io$oI = I, (9.5) 

then a Hamiltonian form 

H = H® + (9.6) 

is weakly associated to a Lagrangian L. If <f> = H 1 then H is associated to L. □ 

Theorem 9.5. Any Hamiltonian form H weakly associated to a Lagrangian L fulfills a 
relation 

H\ Nl =H*H l \ Nl , (9.7) 

where Hl is the Poincare - Cartan form (11.121) . □ 

Proof. The relation (19.31) takes a coordinate form 

W-(p) =Pid l IJ U-C{x^,y\d 3 > U{p)), p£N L . (9.8) 

Substituting (19.41) and (19.81) in (15.21) . we obtain the relation (19.71) . • 
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The difference between associated and weakly associated Hamiltonian forms lies in the fol¬ 
lowing. Let H be an associated Hamiltonian form, i.e., the equality (19.81) holds everywhere on 
n. Acting on this equality by the exterior differential, we obtain the relations 

d^H{p) = -(3 m £) o H(p), p g N l , 

diH{p) = -(<%£) o H(p), p G N l , (9.9) 

{Pi ~ {d?C){x^y i ,diHW ll dZH = 0. (9.10) 

The relation (19.101) shows that the associated Hamiltonian form (i.e., the Hamiltonian map H) 
is not regular outside a Lagrangian constraint space Nl- 

Example 9.1. Any Hamiltonian form is weakly associated to a zero Lagrangian L = 0, 
while the associated one is only Hr (13.131) . • 

Example 9.2. A hyperregular Lagrangian has a unique associated and weakly associated 
Hamiltonian form m- In a case of a regular Lagrangian L. the Lagrangian constraint space 
Nl is an open subbundle of a vector Legendre bundle n — >• Y. If Nl / n, a weakly associated 
Hamiltonian form fails to be defined everywhere on n in general. At the same time, Nl itself 
can be provided with the pull-back PS structure with respect to the imbedding Nl —> n, so that 
one may consider Hamiltonian forms on Nl . • 

One can say something more in a case of semiregular Lagrangians fDefinition ll.il) . 

Lemma 9.6. The Poincare - Cartan form Hl for a semiregular Lagrangian L is constant on 
the connected inverse image L _1 (p) of any point p G Nl- □ 

Proof. Let it be a vertical vector field on an affine jet bundle J X Y —> Y which takes its 
values into the kernel of the tangent map TL to L. Then the Lie derivative L u Hl of Hl along 
u vanishes. • 

A corollary of Lemma 19.61 is the following. 

Theorem 9.7. All Hamiltonian forms weakly associated to a semiregular Lagrangian L 
coincide with each other on a Lagrangian constraint space Nl, and the Poincare - Cartan form 
Hl (11.121) for L is the pull-back 

H l = L*H, (^y{ - C)lu = U{x»,y\i (9.11) 
of any such a Hamiltonian form H. □ 

Proof. Given a vector v G T p n, the value TH(v)\Hl(H(p )) is the same for all Hamiltonian 
maps H satisfying the relation (19.21) . Then the result follows from the relation (19.71) . • 

Theorem l9.7l cnables us to relate the Euler - Lagrange equation for a semiregular Lagrangian L 
with the covariant Hamilton equations for Hamiltonian forms weakly associated to L UMIIQ]. 

Theorem 9.8. Let a section r of n — >• A' be a solution of the covariant Hamilton equation 
(16.41) (16.51) for a Hamiltonian form H weakly associated to a semiregular Lagrangian L. If r 

lives in a Lagrangian constraint space Nl, a section s = nuy or of 7 —> X satisfies the Euler - 
Lagrange equation m, while its first order jet prolongation 

s = H o r = J 1 s 
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obeys the Cartan equation (12.311 - (12.411 . □ 

Proof. Put s = H or. Since r(X) C N L , then 

r = L os, J x r = J l L o J l ~s. 

If r is a solution of the covariant Hamilton equation, the exterior form £h vanishes at points of 
J 1 r{X). Hence, the pull-back form £j^ = ( J 1 L)*£h vanishes at points J 1 s(X). It follows that 
the section s of a jet bundle J 1 Y — > X obeys the Cartan equation (12.31) (12.41) . By virtue of the 

relation (16.61) . we have s = J 1 s. Hence, s is a solution of the Euler Lagrange equation. • 

The converse assertion is more intricate ([10], Proposition 4.5.11). 

Theorem 9.9. Given a semiregular Lagrangian L, let a section s of the jet bundle J X Y —> X 
be a solution of the Cartan equation (12.31) (12.41) . Let H be a Hamiltonian form weakly associated 

to L so that the associated Hamiltonian map satisfies a condition 

Ho Los = JVq os). (9.12) 

Then, a section 

r = Los, = TTi(x x , s- 7 , s{), r l = s\ 

of a Legendre bundle n —» X is a solution of the Hamilton equation (16.41) (16.51) for H. □ 

Being restricted to solutions of Euler - Lagrange equations, Theorem 19.91 comes to the fol¬ 
lowing. 

Theorem 9.10. Given a semiregular Lagrangian L, let a section s of a fibre bundle Y —> X 
be a solution of the Euler - Lagrange equation (HD (i-e., J x s is a solution of the Cartan equation 
(12.31) (12.41) . and s = 7 Tq o J 1 s). Let H be a Hamiltonian form weakly associated to L, and let 

H satisfy a relation 

HoLoJ 1 s = J 1 s. (9.13) 

Then a section r = L o J^s of a fibre bundle n —» X is a solution of the covariant Hamilton 
equation (16.41) - (16.51) for H. □ 

Example 9.3. Let L = 0. This Lagrangian is semiregular. Its Euler - Lagrange equation 
comes to the identity 0 = 0. Every section s of a fibre bundle Y —» X is a solution of this 
equation. Given a section s, let T be a connection on Y such that s is its integral section. The 
Hamiltonian form Hr (13.131) is associated to L = 0, and the Hamiltonian map Hr satisfies the 
relation (19.131) . The corresponding Hamilton equation has a solution 

r = LoJ 1 s, r l = s l , r* = 0. 

In view of Theorem 19.101 one may try to consider a set of Hamiltonian forms associated to a 
semiregular Lagrangian L in order to exhaust all solutions of the Euler - Lagrange equation for 

L. 

Definition 9.11. Let us say that a set of Hamiltonian forms H weakly associated to a 
semiregular Lagrangian L is complete if, for each solution s of the Euler - Lagrange equation for 
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L, there exists a solution r of the covariant Hamilton equation for a Hamiltonian form H from 
this set such that s = 7rnr or. □ 

A complete family of Hamiltonian forms associated to a given Lagrangian need not exist, or it 
fails to be defined uniquely. For instance, Example 19.31 shows that the Hamiltonian forms (13.131) 
constitute a complete family associated to the zero Lagrangian, but this family is not minimal. 

By virtue of Theorem 19.101 a set of weakly associated Hamiltonian forms is complete if, for 
every solution s of the Euler ■ Lagrange equation for L , there is a Hamiltonian form H from this 
set which fulfills the relation (19.131) . 

In a case of almost regular Lagrangians (Definition 11.11) . one can formulate the following 
necessary and sufficient conditions of the existence of weakly associated Hamiltonian forms. An 
immediate consequence of Theorem 19.41 is the following. 

Theorem 9.12. A Hamiltonian form H weakly associated to an almost regular Lagrangian 
L exists iff the fibred manifold J X Y —> Nf (11.211) admits a global section. □ 

Proof. A global section of J l Y —>• Nl can be extended to a Hamiltonian map d* : n —> J X Y 
which obeys the relation (19.51) . • 

In particular, on an open neighborhood U C n of each point p £ Nl C n, there exists a 
complete set of local Hamiltonian forms weakly associated to an almost regular Lagrangian L. 
Moreover, one can always construct a complete set of local Hamiltonian forms associated to L 
fjTOl. Proposition 4.5.14). At the same time, a complete set of associated Hamiltonian forms 
may exists when a Lagrangian is not necessarily semiregular m, Example 4.5.12). 

Given a global section 'P of a fibred manifold 

L : J X Y N l , (9.14) 

let us consider the pull-back form 

H n = T *H l = i* N H (9.15) 

on N L called the constrained Hamiltonian form. By virtue of Lemma 19.61 it does not depend on 
the choice of a section of the fibred manifold (19.141) and, consequently, Hl = L*Hn- For sections 
r of a fibre bundle Nl —> X , one can write the constrained Hamilton equation 

r*{u N \dH N ) =0, (9.16) 

where un is an arbitrary vertical vector field on Nl —> X. This equation possesses the following 
important properties. 

Theorem 9.13. For any Hamiltonian form H weakly associated to an almost regular 
Lagrangian L , every solution r of the covariant Hamilton equation which lives in a Lagrangian 
constraint space Nl is a solution of the constrained Hamilton equation (19.161) . □ 

Proof. Such a Hamiltonian form H defines a global section 4/ = H o i N of the fibred manifold 
(19.141) . Since Hn = i* N H due to the relation (19.111) . the constrained Hamilton equation can be 
written as 

r*(u N \di* N H) = r*(u N \dH\ NL ) = 0. (9.17) 
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Note that this equation differs from the Hamilton equation (16.711 restricted to Nl- This reads 

r*{u\dH\ NL ) = 0, (9.18) 

where r is a section of Nl —> X and u is an arbitrary vertical vector field on n —>• A'. A solution 
r of the equation (19.181) obviously satisfies the weaker condition (19.171) . • 

Theorem 9.14. The constrained Hamilton equation (19.161) is equivalent to the Hamilton 
De Donder equation (12.81) . □ 

Proof. It is readily observed that 

L = nzn ° Hl- 

Hence, the projection nzn (11.251) yields a surjection of Zl onto Nl- Given a section T of the 
fibred manifold (19.141) . we have a morphism 

Hl o T : Nl —> Zl- 

By virtue of Lemma (19.61) , this is a surjection such that 

ttzii ° Hl o T = IdTVi,. 

Hence, Hl o 4/ is a bundle isomorphism over Y which is independent of the choice of a global 
section 4/. Combining (12.71) and (19.151) results in 

H n = (H l o yy~ L 

that leads to a desired equivalence. • 

This proof gives something more. Namely, since Zl and Nl are isomorphic, the homogeneous 
Legendre map Hl (11.221) fulfils the conditions of Theorem 12. II Then combining Theorem 12. 1 1 and 
Theorem 19.141 we obtain the following. 

Theorem 9.15. Let L be an almost regular Lagrangian such that the fibred manifold (19.141) 
has a global section. A section s of the jet bundle J l Y —► X is a solution of the Cartan equation 


(12.51) iff L o s is a solution of the constrained Hamilton equation (19.161) . □ 

Theorem 19.151 also is a corollary of Lemma 19.161 below. The constrained Hamiltonian form 
Hn (19.151) defines the constrained Lagrangian 

Ln = h 0 (H N ) = (J 1 %n)*Lh (9.19) 

on the first order jet manifold J 1 Nl of a fibre bundle Nl —> X. 

Lemma 9.16. There are the relations 

L=(J 1 L)*L N , L N = (J 1 'f)*L 1 (9.20) 

where L is the first order Lagrangian (ED. □ 


The Euler - Lagrange equation for the constrained Lagrangian Ln (19.191) is equivalent to the 
constrained Hamilton equation (19.161) and, by virtue of Lemma 19.161 is quasi-equivalent to the 
Cartan equation. At the same time, the Cartan equation of a non-regular Lagrangian system may 
contain an additional freedom in comparison with the constrained Hamilton equation (Section 
12 ). 
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10 Lagrangian and Hamiltonian conservation laws 


In order to study symmetries of PS Hamiltonian theory, let us use the fact that the Hamiltonian 
form H (15.21) is a Poincare - Cartan form for the Lagrangian Lh (16.21) and that the covariant 
Hamilton equation for H is the Euler - Lagrange equation for Lh- 

We restrict our consideration to classical symmetries defined by projectable vector fields 

u = u x d a + u l di (10-1) 


on a fibre bundle Y —> X. 

Let us start with Lagrangian conservation laws in first order Lagrangian formalism on a fibre 
bundle Y X [HI El |E]. 

The vector field u (110.11) admits the canonical decomposition into the horizontal and vertical 
parts 

u = u H + u v = {u x d a + y\d x ) + ( u l di - y\d x ) (10.2) 

over J X Y and the first order jet prolongation 

J x u = u x d\ + u l di + ( d\u l — y' , /1 d\u IJ ')d x (10.3) 

onto J X Y. 

Given the first order Lagrangian L (HU), the global variational decomposition HU leads to 
the corresponding splitting of the Lie derivative Lji u L of L along J x u (110.31) : 

Lji U L = uv\£l + dH{h 0 (u\H L )), (10.4) 

d\u x C + [u a c1a + u l di + ( d\u l - y^d\u^)d x ]C = 

[id - y\u x )£ z - dxy^y^ - u l ) - u x C ], 

where EY = Hl is the Poincare - Cartan form (11.121) . If u is an exact symmetry of L, i.e. 
Lji u L = 0 we obtain a weak conservation law 

0 ~ —dxln^u^y^ — u l ) — u x C} (10.5) 

of a symmetry current 

Ju = - U l ) - u x £)ujx ( 10 . 6 ) 

along a vector field u on the shell £l — o HU. 

The weak conservation law (110.51) leads to a differential conservation law 

dx(J x os) = 0 

on solutions s of the Euler - Lagrange equation Cul- 

it is readily observed that the symmetry current J u (110.61) is linear in a vector field u. 
Therefore, one can consider a superposition of symmetry currents 

Ju 4 “ Ju' — Ju-\-u '; Jen — C-Jut C £ 1 ^, 

and a superposition of weak conservation laws (110.51) associated to different symmetries u. 
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For instance, let u = u l di be a vertical vector field on Y —>• X. If it is a symmetry of L , the 
weak conservation law (110.51) takes a form 

0 « -d A (7i^u < ). (10.7) 

It is called the Noether conservation law of the Noether current 

J u = (10.8) 

along a Noether symmetry u. 

Given the connection T (13.81) on a fibre bundle Y —» X, a vector field r on X gives rise to the 
projectable vector field 

Ft = r x (d\ + T\di) (10.9) 

on Y. The corresponding symmetry current (110.61) along Tr reads 

Jr = T»Jr\ = T»rt( y ; - rj,) - 5 x C)w x . ( 10 . 10 ) 

Its coefficients Jr are components of the tensor field 

Jr=Jr x ll dx»®u x , Jr\ = - rj,) - S X C, (10.11) 

called the energy-momentum tensor relative to a connection T (T5l HU |45]. If Tr (110.91) is a 
symmetry of a Lagrangian L, we have the energy-momentum conservation law 

0 « -d A [7r^(^ - rj,) - syq. ( 10 . 12 ) 

Turn now to PS Hamiltonian formalism on a Legendre bundle n. Given the projectable vector 
field u (110.11) on Y —> X, it gives rise to a vector field 

u = + u'di + (- dm?p A - d^p x + dnu x rf)8i (10.13) 

on a Legendre bundle n —> Y and to a vector field 

Ju = u + J 1 u (10.14) 

on n x J X Y. Then we have 

Y 

L uH = L juL h = {-u%U - d^H) - ^ + (10.15) 

It follows that a Hamiltonian form H and a Lagrangian Ljj have the same classical symmetries. 
Let us apply the first variational formula (110.41) to the Lie derivative LjyL H (16.21) . It reads 

-iSM - 9 m (/H) - ufd\n +p x dxu i = -{u l - y l X)(PM + diU) + 

{-diV j p$ - d^p x + - P x ^){y\ - d\H) - 

dxlPiidl'Hu^ - u l ) - u x (p?dlH - H)}. 

On the shell (16.41) (16.51) . this identity takes a form 

- u l d{H - d^vTH) - u x d\n +p x d\u i « -d A [p£(Sj,Wu # ‘ - «*) - u x {$8fa - TL)\. (10.16) 
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If LjIuLh = 0, we obtain a weak Hamiltonian conservation law 


o« -d x ^{u%u - u l ) - u x ( P ^d;n - u)} (10.17) 

of a Hamiltonian symmetry current 

Ju = \Pi{u%n - u l ) - u\p^H - n\u3x. (10.18) 

In particular, let u = u l di be a vertical vector field on Y —>• A'. Then the Lie derivative Lj ~ L H 
(110.151) takes a form 

L uH = (-u l di'H + diU?p x d\H + p x d\u l )oj. 

The corresponding Noether Hamiltonian current (110.181) reads 

J u = -u‘p x cox (10.19) 

(cf. J u (HMD). This is independent of a Hamiltonian form H , and is defined only by a vertical 
vector field u. It follows that Noether Hamiltonian currents J u (110.191) in PS Hamiltonian theory 
constitute a real vector space J (n) isomorphic to that of vertical vector fields u on a fibre bundle 

Y. 

Moreover, due to the isomorphism (11.181) . Noether Hamiltonian currents (110.191) are repre¬ 
sented by TX -valued densities (14.21) : 

J u = -u l p x d x <g> u. (10.20) 

If Y —>• X is a vector bundle, the PS bracket {, }ps (14.31) provides Noether Hamiltonian currents 
(110.201) with the Lie bracket 

[JuiJu’] = {Ju, Ju’}ps = J\u,u'\ ( 10 . 21 ) 

which brings their space J (n) into a real Lie algebra, isomorphic to the Lie algebra of vertical 
vector fields on Y. Similarly, the Poisson bracket H }v (17.111) defines a Lie bracket of Noether 
currents in mechanics [Hi- 

Let now t = t x d\ be a vector field on X and Tr (110.91) its horizontal lift onto Y by means of 
a connection P on Y —> X. Given the splitting (15.41) of a Hamiltonian form H, the Lie derivative 
(110.151) reads 

L uH = p x {[d x + r ^,uy - [0 A + u] v ri)u - (d^n r + u\dn r )u, 
where [.,.] is the Lie bracket of vector fields. Then the weak identity (110.161) takes a form 
-(^ + T fa -p x d^d{)Ur+p x ^ « -d At 7 r \, 

where 

r = \^dx x A dx» ® d h = d A r; - d tJ r\ + TidJl - 

is the curvature of a connection T. The corresponding symmetry current (110.181) reads 

Jr = ^Jt\ = T^p x d;n r - 6 x (p"diH T - Ur)). ( 10 . 22 ) 
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The relations (110.2311 below show that, on a Lagrangian constraint space Nl, the current (110.2211 
can be treated as a Hamiltonian energy-momentum current relative to a connection T. 

On solutions r of the covariant Hamilton equation (16.41) (16.51) . the weak equality (110.171) 

leads to a differential conservation law 


MJu(r) = 0 . 

There is the following relation between differential conservation laws in Lagrangian and PS 
Hamiltonian formalisms. 

Theorem 10.1. Let a Hamiltonian form H be associated to an almost regular Lagrangian 
L. Let r be a solution of the covariant Hamilton equation (16.41) (16.51) for H which lives in a 

Lagrangian constraint space Nl- Let s = nn y o r be the corresponding solution of the Euler - 
Lagrange equation for L so that the relation (19.131) holds. Then, for any projectable vector field 
u on a fibre bundle Y —»• X, we have 

Ju(r) = J u (n nY or), J U (L o J 1 s) = J u (s ), (10.23) 

where J u is the symmetry current (110.61) on J 1 Y and J u is the symmetry current (110.181) on n. 
□ 

Proof. The proof follows from the relations (19.41) , (19.81) and (19.111) . • 

By virtue of Theorems 19.81 19.101 it follows that: 

• if J u in Theorem 110.11 is a conserved symmetry current, then the symmetry current J u 
(110.231) is conserved on solutions of the Hamilton equation which live in a Lagrangian constraint 
space, 

• if Ju in Theorem 110.11 is a conserved symmetry current, then the symmetry current J u 
(110.231) is conserved on solutions s of the Euler - Lagrange equation which obey the condition 

(ESP - 

However, Theorem IIP. II fails to provide straightforward relations between symmetries of La- 
grangians and associated Hamiltonian forms. In Section 12, we can obtain such relations between 
symmetries of constrained Lagrangians ijv (19.191) and original quadratic Lagrangians L (112. II) 
(Theorem 112.61) . 

11 Lagrangian and Hamiltonian Jacobi fields 

The vertical extension of Lagrangian theory on a fibre bundle Y —> X onto the vertical tangent 
bundle VY of Y —> X describes the linear deviations of solutions of the Euler - Lagrange equation 
which are Jacobi fields [T51 146] . Accordingly, the vertical extension of PS Hamiltonian formalism 
on the Legendre bundle n (11.151) onto the vertical Legendre bundle Hvy (H1-6D describes Jacobi 
fields of solutions of the covariant Hamilton equations PH [13- 

Let VY be the vertical tangent bundle of Y —> X endowed with holonomic coordinates 
(x x ,y l ,y l ). The configuration space of first order Lagrangian theory on VY —>• X is the jet 
manifold J l VY. There is the canonical isomorphism 

J X VY = y VJ x Y, y\ = {y i ) x, 
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where, in comparison with VyJ 1 Y in the expression (11.1311 . VJ X Y is the vertical tangent bundle 
of J X Y —» X which is provided with holonomic coordinates (x x , y l , y 1 , y\). Due to this 
isomorphism, first order Lagrangian formalism on VY can be developed as the vertical extension 
of Lagrangian theory on Y. 

Lemma 11.1. Similar to the canonical isomorphism between fibre bundles TT*Z and T*TZ 
|25j . the isomorphism 


yv*r y =v*vy, i»i<—(n.i) 

can be established by inspection of the transformation laws of holonomic coordinates ( x x ,y 1 ,Pi = 
yi) on V*Y and (x x ,y l ,v l = y l ) on VY. □ 

It follows that any exterior form 0 on a fibre bundle Y gives rise to an exterior form 

Pv = d v {<t>) = y%(ct>) ( 11 . 2 ) 

on VY so that dpy = ( d<j>)v ■ For instance, 

d v f = y i d i f, d v (dy i ) = dy i , feC°°(Y). 

The form py (111.21) is called the vertical extension of cj> on Y. 

Let L be the Lagrangian (11.61) on J l Y . Its vertical extension Ly (111.21) onto VJ X Y (but not 
VL (gH onto VyJ l Y) reads 

L v = d v L = ( y l di + y\d x )Cu. (11.3) 

The corresponding Euler - Lagrange equation (11.81) takes a form 

d,Cv = 6iC = 0 , 

S^jOy = dySiC. = 0 , 

dv = y i d i + y i xd x + yl lX d? x 

The equation (111.41) is exactly the Euler Lagrange equation (11.81) for an original Lagrangian L. 
In order to clarify the meaning of the equation (111.51) . let us suppose that Y — > X is a vector 
bundle. Given a solution s of the Euler - Lagrange equation (111.411 . let 6s be a Jacobi field, i.e., 
s + eSs also is a solution of the Euler - Lagrange equation (111.41) modulo the terms of order > 1 
in a small parameter e. Then it is readily observed that a Jacobi field 6s satisfies the Euler 
Lagrange equation (111.51) , which therefore is called the variation equation of the equation (111.41) 

[61 EH 06]. 

The Lagrangian Ly (111.31) yields a Legendre map 

L v : VJ l Y —>IIyv = V*VY A ( A T*X), (11.6) 

vy vr 

where Hyy is called the vertical Legendre bundle. 

Lemma 11.2. Due to the isomorphism (111.11) there exists a bundle isomorphism 

n VY =vn, ^ vl (n.7) 


( 11 . 4 ) 

( 11 . 5 ) 
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written with respect to the holonomic coordinates (x x , y l , y l , p x , q x ) on Uyy and ( x x , y l , p x , y 1 , p A ) 
on VTI. □ 

In view of the isomorphism (111.711 . the Legendre map (111.61) takes a form 

L v = VL: VJ'Y —» H VY = VU , (11.8) 

yr 

Pi = d x C v = 7if, p A = <%£ = dyTif. 

It is called the vertical Legendre map. 

Let Zvy be the homogeneous Legendre bundle (11.221) over VY endowed with the correspond¬ 
ing coordinates (x x , y 1 , y l ,p x , q X ,p)- There is a fibre bundle 

(:VZy^Z VYi (x x ,y\y\pf,q x ,p)o(; = (x x ,y\y\p$,p$,p). (11.9) 

Then the vertical tangent morphism V7Tzn to 7rzn (11-251) factorizes through the composition of 
fibre bundles 

Vnzn ■ VZy —> ZyY II yY = VII. (11.10) 

Owing to this fact, one can develop PS Hamiltonian formalism on a momentum phase space 
n^y as the vertical extension of PS Hamiltonian theory on n. The corresponding canonical 
conjugate pairs are (y l ,p x ) and (y l ,pf). In particular, due to the isomorphism (111.71) . Vn is 
endowed with the canonical PS form (13.21) which reads 

Ylyy = [dp x A dy 1 + dp x A dy 1 } A uj <g> d\. 

Let Zvy be the homogeneous Legendre bundle (11.221) over VY with the corresponding co¬ 
ordinates (x x ,y z ,y z ,p x ,q x ,p). It can be endowed with the multisymplectic Liouville form Syy 
m • Sections of the affine bundle 

Zyy -> Vn, (11.11) 

by definition, provide Hamiltonian forms on Vn. 

Let us consider the following particular case of these forms which are related to those on a 
Legendre bundle n. Due to the fibre bundle (111.91) : 

C : VZ Y —> Z VY , 

the vertical tangent bundle VZ Y of Zy —> X is provided with an exterior form 

Sy =C*£yy = puj + (p X dy‘ + p X dy l ) A u\, 

which is exactly the vertical extension (111.21) of the canonical multisymplectic Liouville form S on 
Zy. Given the affine bundle Zy —> n (11.251) . we have the fibre bundle VZy —> Vn (111.101) where 
V7r^n is the vertical tangent map to 7Tzn- Let h be a section of an affine bundle Zy n and 
H = h *S the corresponding Hamiltonian form (15.21) on n. Then a section Vh of the fibre bundle 
(111.101) and the corresponding section £ o Vh of the affine bundle (111.Ill) defines the Hamiltonian 
form 


H v = ( Vh)*Z v = ( p X dy l +p x dy l ) A - Hyw, (11.12) 

'Hy = dyH , dy = y l di + p x d \, 
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on W. It is called the vertical extension of H (or, simply, the vertical Hamiltonian form). In 
particular, given the splitting (15.41) of H with respect to a connection T on Y —> X, we have the 
corresponding splitting 

Uv = + tfpfaT\ + d v Uv 

of Hy with respect to the canonical vertical prolongation 

VT : VY J l VY, Vr = dx x ®(dx + r\d i + d j T{y j d i ), (11.13) 

of r onto VY -> X. 

Theorem 11.3. Let 7 (13.41) be a Hamiltonian connection on n associated to a Hamiltonian 
form H. Then its vertical prolongation H 7 (111.131) on VII —> X is a Hamiltonian connection 
associated to the vertical Hamiltonian form Hy (111.121) . □ 

Proof. The proof follows from a direct computation. We have 

V'y = 7 + dxP 0 [dy^di + dy^dl}. 

Components of this connection obey the equation 

% = d;Ky = dydfr, 7a* = -diHy = -dydfH (11.14) 

and the equation (KB. • 

In order to clarify the meaning of the equation (111.141) , let us suppose that Y —> X is a vector 
bundle. Given a solution r of the Hamilton equation (16.41) (16.51) for H , let r be a Jacobi field, 

i.e., r + er also is a solution of the same Hamilton equation modulo terms of order > 1 in e. Then 
it is readily observed that a Jacobi field r satisfies the equation (111.141) . At the same time, the 
Lagrangian Lh v (16.21) on J 1 Hn, defined by the Hamiltonian form Hy (111.121) . takes a form 

C Hv = h 0 (Hy) =p x {y\ - d\H) - y l {p^ + d t H) + d x (p x y l ), (11.15) 

where p x , y 1 play a role of the Lagrange multipliers. 

In conclusion, let us study the relationship between the vertical extensions of Lagrangian 
and PS Hamiltonian formalisms. The Hamiltonian form Hy (111.121) on VII yields the vertical 
Hamiltonian map 

Hy =VH :V n VJ X Y, 

VY 

y\ = d\Uy = d\n. y\ = dyd\H. 

Theorem 11.4. Let a Hamiltonian form H on n be associated to a Lagrangian L on 
J X Y. Then the vertical Hamiltonian form Hy (111.121) is weakly associated to the Lagrangian Ly 

(HOD . □ 

Proof. If the morphisms H and L obey the relation (19. 2D . then the corresponding vertical 
tangent morphisms satisfy the relation 

VLoVHoVi N = Vi N . 

The condition (19.31) for Hy reduces to the equality (19.91) which is fulfilled if H is associated to L. 
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12 Quadratic Lagrangian and Hamiltonian systems 

Field theories with almost regular quadratic Lagrangians admit comprehensive PS Hamiltonian 
formulation nmnnna. 

Given a fibre bundle Y —> X, let us consider the quadratic Lagrangian L (EH): 

C = \a^{x v ,y k )yiy^+b^{x\y k )y\ + c(x\y k ), ( 12 . 1 ) 

where a, b and c are local functions on Y. This property is coordinate-independent due to the 
affine transformation law m of coordinates y\. The associated Legendre map L (U.14[) is given 
by the coordinate expression 

rioL = a$yi + 1$, ( 12 . 2 ) 

and is an affine morphism over Y. It yields the corresponding linear morphism 

a : T*X ®VY ^N L C. n, Pi°a = affyj,, (12.3) 

where yj^ are fibred coordinates on the vector bundle » 

Let the Lagrangian L (112.11) be almost regular, i.e., the morphism a (112.31) is of constant 
rank. Then the Lagrangian constraint space Nl (112.21) is an affine subbundle of the Legendre 
bundle n —>■ Y, modelled over the vector subbundle Nl (112.31) of n —>• Y. Hence, Nl —> Y has a 
global section s. For the sake of simplicity, let us assume that s = 0 is the canonical zero section 
of n —»• Y. Then Nl = Nl- Accordingly, the kernel of the Legendre map (112.21) is an affine 
subbundle of the affine jet bundle J X Y —>• Y, modelled over the kernel of the linear morphism a 
(112.31) . Then there exists a connection 

F: y -> Ker L C J X Y, a$Tj + b A = 0, (12.4) 

on y —> X. Connections (112.41) constitute an affine space modelled over a vector space of soldering 
forms 

<j> = (f)\dx x <8> di 

on y —> X, satisfying the conditions 

$4 = 0 (12.5) 

and, as a consequence, the conditions (f>\b x = 0. If the Lagrangian (112.11) is regular, the connection 
(112.41) is unique. 

Remark 12.1. If s ^ 0, one can consider connections T taking their values into Ker s L. • 

A matrix a in the Lagrangian L (112.11) can be seen as a global section of constant rank of a 
tensor bundle 

n 2 

A T*X®[V(TX®V*Y)] ->y. 

Y Y 

Then it satisfies the following corollary of the well-known theorem on a splitting of a short exact 
sequence of vector bundles m- 

Corollary 12.1. Given a fc-dimensional vector bundle E —» Z, let a be a fibre metric of 
rank r in E. There is a splitting 

E = Kero ®E' (12.6) 

z 
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where E' = E/Kera is the quotient bundle, and a is a non-degenerate fibre metric in E'. □ 


Theorem 12.2. There exists a linear bundle map 


a : n —}T*X® VY, 


» Vx 0 ° = °xvPj > 


such that aoffojjv = ijy. 

Proof. The map (112.711 is a solution of algebraic equations 

n V-jfc n av _ n Xv 

By virtue of Corollarv ll2.ll there exists the bundle splitting 


TX* ®VY = Kera®E' 

Y Y 


(12.7) 

□ 


( 12 . 8 ) 


(12.9) 


and an atlas of this bundle such that transition functions of Ker a and E' are mutually indepen¬ 
dent. Since a is a non-degenerate section of 

A T*X 0(V E'*) —»• Y, 

there exist fibre coordinates (y A ) on E' such that a is brought into a diagonal matrix with 
non-vanishing components claa- Due to the splitting (jl2.9|) . we have the corresponding bundle 
splitting 


TX®V*Y = (Ker a)* ®E'*. 

Y Y 

Then a desired map a is represented by a direct sum cj\ © <To of an arbitrary section o\ of a fibre 
bundle 

A TX ®(V Ker a) -»• Y 

and the section do of a fibre bundle 

ATX <8>(V E') Y 

Y 

which has non-vanishing components a AA = (oaa) - 1 with respect to the fibre coordinates ( y A ) 
on E '. We have relations 

a 0 = ere, oaocr 0 , a o o\ = 0, a\ o a = 0. (12.10) 

Remark 12.2. Using the relations (112.101) . one can write the above assumption, that the 
Lagrangian constraint space Nl —> Y admits a global zero section, in the form 

K = ( 12 . 11 ) 
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With the relations (112.41) . (112.81) and (112.101) . we obtain a splitting 


( 12 . 12 ) 

(12.13) 


J'Y = 5(J 1 y)©J r (J 1 F) = Ker Lffilm(cr o L), 

vi = sk + H = [y\ - + b k)} + KiKy, 


b k)b 


where, in fact, a = a o owing to the relations (112.101) and (112.111) . Then with respect to the 
coordinates S\ and T x (112.131) . the Lagrangian (112.11) reads 

C=\a^r x ^+c', (12.14) 

where 

H = °of a a%(yi - T') (12.15) 

for some (KerL)-valued connection T (112.41) on Y —> X. Thus, the Lagrangian (112.ID . written in 
the form (| 12. 141) . factorizes through the covariant differential relative to any such connection. 

Turn now to PS Hamiltonian formalism. Let L (112.11) be an almost regular quadratic La¬ 
grangian brought into the form (112.141) , a = oo + 04 the linear map (112.71) and T the connection 
(112.41) . Similarly to the splitting (112.121) of a configuration space J X Y, we have the following 
decomposition of a momentum phase space: 


U = TZ{n)®V(Il) =Keva 0 ®N L , (12.16) 

P\i = ^ = [Pi - <h?v j XPk} + [*#*&%]. (12.17) 

The relations (112.101) lead to the equalities 

= o, ni k a K = o, n*r x = o. ( 12 . 18 ) 

Relative to the coordinates (112.171) . the Lagrangian constraint space Nl (112.21) is given by the 
equations 

ft*=P*-aMaP*=0. (12-19) 

Let the splitting (112.91) be provided with adapted fibre coordinates (y a ,y A ) such that the 
matrix function a (|12.3D is brought into a diagonal matrix with non-vanishing components a A A- 
Then the Legendre bundle n (112.161) is endowed with the dual (non-holonomic) fibre coordinates 
( p a ,PA ) where pa are coordinates on a Lagrangian constraint space Nl, given by the equalities 
p a = 0. Relative to these coordinates, <7o becomes the diagonal matrix 

a AA = (a AA )-\ o-{f° = 0, (12-20) 

while crf a = a j 45 = 0. Let us write 

Pa = M a \Pi , p A = M Ax Pi , ( 12 . 21 ) 

where M are the matrix functions on Y which obeys the relations 

M a \a% = 0 , = 0 , ( 12 . 22 ) 

M A \{a o ao)% = Ma^ (*0^4 = a^a 0 k J x . 
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Let us consider the affine Hamiltonian map 


$ = T + cr : n ->• J l Y , 

and the Hamiltonian form 


*A = r \ + olrf, 


(12.23) 


H(T, (71) = H* + $*L = p?dy l A WA - 

Pi?? + X^PiPj + Vl&Pirf ~ C V = 


(12.24) 


(K? + T?W A - [(71? + V?)T\ + -a 0 ^V?V? + a^7Z?7Z? - c>. 


Theorem 12.3. The Hamiltonian forms H(T,ai) (112.241) parameterized by connections T 
(112.41) are weakly associated to the Lagrangian (112.11) . and they constitute a complete set. □ 

Proof. By the very definitions of T and a, the Hamiltonian map (112.231) satisfies the condition 
(E3- Then H(T,<ji) is weakly associated to L (112.11) in accordance with Theorem 19.41 Let us 
write the corresponding Hamilton equation (16.41) for a section r of a Legendre bundle n —> X. It 
reads 

Fs =(r + a)or, s = 7Tny o r. (12.25) 

Due to the surjections S and T (112.121) . the Hamilton equation (112.251) is brought into the two 
parts 

SoJ 1 « = ro J) d x P - a 0 f a (a^d^ + b%) = F x o S , (12.26) 

IF o J 1 s = a o r, ^oxa^kjd^r 3 +b%) = crf a r%. (12.27) 

Let s be an arbitrary section of Y —» X, e.g., a solution of the Euler - Lagrange equation. There 
exists the connection T (112.41) such that the relation (112.261) holds, namely, T = S o T' where T' 
is a connection on Y —)• X which has s as an integral section. It is easily seen that, in this case, 
the Hamiltonian map (112.231) satisfies the relation (19.131) for s. Hence, the Hamiltonian forms 
(112.241) constitute a complete set. • 

It is readily observed that, if = 0, then $ = -ff(r), and the Hamiltonian forms iL(r, o± = 0) 
(112.241) are associated to the Lagrangian (112.11) . For different <7i, we have different complete 
sets of Hamiltonian forms (112.241) . Hamiltonian forms 7P(T, a±) and H(T',ai) (112.241) of such a 
complete set differ from each other in the term (f>\TZ?, where <j> are the soldering forms (112.51) . This 
term vanishes on the Lagrangian constraint space (112.191) . Accordingly, the covariant Hamilton 
equations for different Hamiltonian forms H(r,eri) and (112.241) differ from each other 

in the equations (112.261) . 

Since the Lagrangian constraint space A 7 /, (112.191) is an imbedded subbundle of n —> Y, all 
Hamiltonian forms ff(r,<7i) (112.241) define a unique constrained Hamiltonian form H jv (19.151) on 
Nl which reads 

H n = i* N H(T , a,) = Vfdy* A uj\ — [V?T\ + \cj 0 %V?V^ - c>. (12.28) 

In view of the relations (112. 181) . the corresponding constrained Lagrangian Ln (19.191) on J 1 Nl 
takes a form 

Ln = h 0 (H N ) = (V?F X - \cr 0 %V?V^ + d)u>. (12.29) 
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It is the pull-back onto J x Nl of a Lagrangian 


L H{r>(Tl) = K}(si-r\) + v?r x - 


-rjJ 3 — 

> °A/x 7 i 7 j 


2 


+ c' 


(12.30) 


on J 1 !! for any Hamiltonian form H( r, a-[ ) (112.24|) . 

In fact, the Lagrangian Ln (112.291) is defined on the product Nl Xy J X Y (see Remark l6Jl) . 
Since the momentum phase space n (112.161) is a trivial bundle pr 2 : n —> Nl over the Lagrangian 
constraint space Nl, one can consider the pull-back 


Ln = {V}r x - l -ojlV?V>; + c')u 

of the constrained Lagrangian Ln (112.291) onto n x J X Y. 

In a case of quadratic Lagrangians, we can improve Theorem 19.131 as follows. 


(12.31) 


Theorem 12.4. For every Hamiltonian form H (112.241) . the Hamilton equations (16.51) and 
(112.271) restricted to a Lagrangian constraint space Aq, are equivalent to the constrained Hamilton 
equation (19.161) . □ 

Proof. Due to the splitting (112. 16D . we have the corresponding splitting of the vertical tangent 
bundle I4"LI of a Legendre bundle n —>■ Y. In particular, any vertical vector field u on n —>■ X 
admits the decomposition 


u = [u- u T n} + u T n, u T n = u l di + 


such that un = ut n \ n l is a vertical vector field on a Lagrangian constraint space Nl —> X. 
Let us consider the equations 

r*{u TN \dH) = 0 (12.32) 

where r is a section of n —>• X and u is an arbitrary vertical vector field on n -> They are 
equivalent to the pair of equations 


r*(a%ai k a d{\dH) = 0, (12.33) 

r*{di\dH) = 0. (12.34) 


The equation (112.341) obviously is the Hamilton equation (16.51) for H. Bearing in mind the 
relations (112.41) and (112.101) . one can easily show that the equation (112.331) coincides with the 
Hamilton equation (112.271) . The proof is completed by observing that, restricted to a Lagrangian 
constraint space Nl, the equation (112.321) is exactly the constrained Hamilton equation (19.171) . 

• 

Theorem 112. 41 shows that, restricted to a Lagrangian constraint space, the Hamilton equation 
for different Hamiltonian forms (112.241) associated to the same quadratic Lagrangian (112.11) differ 
from each other in the equations (112.261) . These equations are independent of momenta and play 
a role of the gauge-type conditions as follows. 

By virtue of Theorem 19.151 the constrained Hamilton equation is quasi-equivalent to the 
Cartan equation. A section s of J X Y —> X is a solution of the Cartan equation for an almost 
regular quadratic Lagrangian (112.11) iff r = L o s is a solution of the Hamilton equations (16.51) 
and (112.271) . In particular, let s be such a solution of the Cartan equation and So a section of a 
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fibre bundle T*X <g» VY —» X which takes its values into KerL (see (112.31) 1 and projects onto a 
section s = 7 Tq o s of Y —> X. Then the affine sum s + so over s(X) C Y is also a solution of the 
Cartan equation. Thus, we come to the notion of a gauge-type freedom of the Cartan equation 
for an almost regular quadratic Lagrangian L. One can speak of the gauge classes of solutions 
of the Cartan equation whose elements differ from each other in the above-mentioned sections 
so- Let z be such a gauge class whose elements project onto a section s of Y —> X. For different 
connections T (112.41) . we consider a condition 

iSos = Tos, s£z. (12.35) 

Lemma 12.5. (i) If two elements s and s' of the same gauge class 2 obey the same condition 
(112.351) . then s = s'. (ii) For any solution s of the Cartan equation, there exists a connection 
(112.41) which fulfills the condition (112.351) . □ 

Proof, (i) Let us consider the affine difference s — s' over s(X) C Y. We have <S(s — s') = 0 
iff s = s', (ii) In the proof of Theorem 112.31 we have shown that, given s = tt® o s, there exists 
the connection T (112.41) which fulfills the relation (112.261) . Let us consider the affine difference 
<S(s — J 1 s) over s(X) C Y. This is a local section of the vector bundle KerL —> Y over s(X). 
Let 4> be its prolongation onto Y. It is easy to see that T + <j> is a desired connection. • 

Due to the properties in Lemma 112.51 one can treat (112.351) as a gauge-type condition on 
solutions of the Cartan equation. The Hamilton equation (112.26|) exemplifies this gauge-type 
condition when s = J x s is a solution of the Euler - Lagrange equation. At the same time, the 
above-mentioned freedom characterizes solutions of the Cartan equation, but not of the Euler 
Lagrange one. First of all, this freedom reflects the degeneracy of the Cartan equation (12.31) . 
Therefore, e.g., in Hamiltonian gauge theory (Section 13), the above mentioned freedom is not 
related directly to the familiar gauge invariance. Nevertheless, the Hamilton equation (112.261) 
are not gauge invariant, and thus can play a role of gauge conditions in gauge theory. 

Now let us study symmetries of the Lagrangians Ln (112.291) and Lu (112. 31|) [21 [15:. We aim 
to show that, under certain conditions, they inherit Noether (i.e. vertical classical) symmetries 
of an original Lagrangian L (112.141) (Theorems 112.61 112.71) . 

Let a vertical vector field u = u l di on F —» X be a classical (Noether) symmetry of the 
Lagrangian L (112.14 II . i.e., 

Lji u L = (vfdi + d\u i d'f)Cu) = 0. (12.36) 

Since 

J 1 u{yi-T\) = d k u\y k x -Y k x ), (12.37) 

one easily obtains from the equality (112.361) that 

u k d k a+ diU k alj + a^dju k = 0. (12.38) 

It follows that the summands of the Lagrangian (112.141) are invariant separately, i.e., 

= 0, JVc') = u k d k c’ = 0. (12.39) 

The equalities (112.151) . (112.371) and (112.381) give the transformation law 

= -diU k a%J*. (12.40) 
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The relations (112.1011 and (112.0811 lead to the equality 


^ - d k v?o 0 % - C7 0 f a d k u n ]a% = 0. (12.41) 

Let us compare symmetries of the Lagrangian L (112.1411 and the Lagrangian Ljv (112.291) . 
Given the Legendre map L (112.211 and the tangent morphism 

TL : TJ X Y TN L: p A = (tfd z + y k ^ k )(M A \a^^), 

let us consider the map 

TL o J l u : J X Y 9 (x x ,y i , y\) —»• (12.42) 

u% + ( u k d k + d„u k dZ)(M A ia%Fi,)d A = 

u% + [u k d k (M A \)a%Fi + M A \j 1 u(a%!j‘ J : j l )\d A = 
u% + [u k d k (M A {)a%Tl - M A \d i u k a%J*]d A = 
u l di + [u k d k (a o a 0 )j X V x - (a o (To)j t x d i u k V k ]d 3 tl G TN L , 

where the relations (112.2211 and (112.401) have been used. Let us assign to a point (x x ,y l , V x ) G Nl 
some point 

(x x ,y\y\)eL-\x x ,y\V x ) (12.43) 

and then the image of the point (112.431) under the morphism (112.421) . We obtain the map 

v N ■ (x x ,y\ Vi) ->• u l di + [u k d k (a o a Q )^ x V x - (a o a 0 (12.44) 

which is independent of a choice of the point (112.431) . Therefore, it is a vector field on a Lagrangian 
constraint space Nl- This vector field gives rise to a vector field 

Jv N = u l di + [u k d k (a o a 0 )^ x V x - (no cro)jld i u k V k ]d J fi + d\u l d x (12.45) 


on N l x J'Y. 

Y 

Theorem 12.6. The Lie derivative L j vn Lm of the Lagrangian Ln (112.291) along the vector 


field Jvn (112.451) vanishes, i.e., any Noether symmetry it of the Lagrangian L (112.141) yields the 
symmetry vn (112.441) of the Lagrangian Ln (112.291) . □ 

Proof. One can show that 

vn{V x ) = -d lU k v£ (12.46) 

on the constraint space 1Z X = 0. Then the invariance condition Jvn(L-n) = 0 falls into the three 
equalities 

Jvn{(t o%V l x V?) = 0, Jv N (V x r x ) = 0, Jv N (c') = 0. (12.47) 

The latter is exactly the second equality (112.391) . The first equality (112.471) is satisfied due to the 
relations (112.411) and (112.461) . The second one takes a form 

Jv N {V x {y\-T\)) = 0. (12.48) 

It holds owing to the relations (112.371) and (112.461) . • 
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Turn now to symmetries of the Lagrangian Lu (112.3111 . Since Lu is the pull-back of Ttv onto 
II x J X T, its symmetry must be an appropriate lift of the vector field vn (112.441) onto II. 

Given a vertical vector field u on Y —> X, let us consider its canonical lift (110.131) : 

u = u l di — diU^pjd^, (12.49) 

onto the Legendre bundle II. It readily observed that the vector field u is projected onto the 
vector field Vn (112.441) . 

Let us additionally suppose that the one-parameter group of automorphisms of Y generated 
by u preserves the splitting (112. 121) . i.e., u obeys the condition 

u k d k {<rot<Q) + a 0 £aZ9jU k ~ ^a = 0. (12.50) 

The relations (112.371) and (112.501) lead to the transformation law 

= dju'H- ( 12 - 51 ) 

Theorem 12.7. If the condition (112.501) holds, the vector field u (112.491) is a symmetry of 
the Lagrangian Lu (112.311) iff it is a Noether symmetry of the original Lagrangian L (112.141) . □ 

Proof. Due to the condition (112.501) . the vector field u (112.491) preserves the splitting (112.161) . 

i.e., 

u(V , A ) = -d iU k V£, u(K$) = -diu k nl. (12.52) 

The vector field u gives rise to the vector field (110.141) : 

Ju = u l di — diU^Pjd^ + d\u l d (12.53) 

on II x J^Y, and we obtain the Lagrangian symmetry condition 
Y 

(■ u l di - djU l Pid{ + d\u l d^)Cn = 0. (12.54) 

It is readily observed that the first and third terms of a Lagrangian Lu are separately invariant 
due to the relations (112.391) and (112.511) . Its second term is invariant owing to the equality (112.411) . 
Conversely, let the invariance condition (112.541) hold. It falls into the independent equalities 

Ju(ao x^PiPj) = 0, Ju(PiF\) = 0, u l dic' = 0, (12.55) 

i.e., the Lagrangian Lu is invariant iff its three summands are separately invariant. One obtains 
at once from the second condition (112.55|) that the quantity T is transformed as the dual of 
momenta p. Then the first condition (112.551) shows that the quantity a^p is transformed by 
the same law as T. It follows that the term aJ-J- in the Lagrangian L (112.141) is transformed 
as a(aop)(aop) = cropp, i.e., it is invariant. Then this Lagrangian is invariant due to the third 
equality (112.551) . • 

Remark 12.3. At the same time, a Lagrangian Ln may possess additional non-classical 
symmetries which do not come from symmetries of an original Lagrangian L. For instance, let 
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us assume that Y —> X is an affine bundle modelled over a vector bundle Y —> X. In this case, 
the Legendre bundle II (11.151) is isomorphic to the product 

II = F x (Y* <g> A T*X ® TX) 

X X X 

such that transition functions of coordinates p * are independent of y l . Then the splitting (|12.16l) 
takes a form 

n = 7x (Ker ao © IVl ), (12.56) 

where Ker ao and N l are fibre bundles over X such that 

Ker (To = 7r*Kerero, 

and Nl = tt*Nl are their pull-backs onto Y. The splitting (112.561) keeps the coordinate form 
(112.171) . The splittings (112.121) and (112.561) lead to the decomposition 

nx/y = (Ker do © N l) x(KerL©Im(cro o L)). (12.57) 

Y X Y Y 

In view of this decomposition, let us associate to any section £ of Ker cr 0 —> X the vector field 

«n = ^o(M- 1 )“^, (12.58) 

on II. Its lift (110.141) onto II x J X Y keeps the coordinate form 

Ju n = (12.59) 

It is readily observed that the Lie derivative of the Lagrangian Lu (112.311) along the vector field 
(112.591) vanishes, i.e., «n is a symmetry of Lu- Moreover, the vector fields (112.581) . parameterized 
by sections £ of Ker (To —> X, is a gauge symmetry of Lu mama. However, it does not come 
from symmetries of an original Lagrangian L. • 


13 PS Hamiltonian gauge theory 

Yang - Mills gauge theory of principal connections provides the most physically relevant example 
of a quadratic Lagrangian and PS Hamiltonian systems nang. The peculiarity of gauge theory 
lies in the fact that the splittings (112.121) and (112.161) of its configuration and momentum phase 
spaces are canonical. 

Let P —> X be a principal bundle with a structure Lie group G. Being G-equivariant, principal 
connections on P X are represented by sections of the affine bundle 

C = J X P/G -> X, (13.1) 

called the bundle of principal connections. It is modelled over a vector bundle T*X® VqP, where 
VgP = VP/G —> X is the fibre bundle in Lie algebras g of the group G. Given a basis {e r } for 
0 , we obtain local fibre bases {e r } for VqP. The connection bundle C (113.11) is coordinated by 
(a; M , ab) such that, written relative to these coordinates, sections A = A^chP ® e r of C —>• A' are 
familiar local connection one-forms, regarded as gauge potentials. 
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There is one-to-one correspondence between the sections £ = £ r e r of VgP —> X and the vector 
fields on P which are infinitesimal generators of one-parameter groups of vertical automorphisms 
(gauge transformations) of P. Any section £ of VgP —> X yields the vector field 




(13.2) 


on C, where c pq are the structure constants of a Lie algebra 9 . 

The configuration space of gauge theory is the first order jet manifold J X C equipped with the 
adapted coordinates (x x , a™, a'X). This configuration space admits the canonical splitting 


J 1 ^ = C+ ® C_ = C+ ®(C x A T*X ® V G P), 

C X X 

= ^A + K - C »l) + \k* K + C»a)> 


with the corresponding projections 


S:J 1 C-^C+, 
T : J X G —> CL, 


qt _ r I r 

°pX — a pX ' a Xp 

-pr r r 

fiX Q'fiX ®Xfi 


r v q 

— c pq a p a^^ 

~i~ c r a^ o q 
' L 'pq u, ii u 'X ’ 


(13.3) 


(13.4) 

(13.5) 


where T is the strength of gauge fields. 

Gauge theory of principal connections on P —»• X is characterized by almost regular first 
order Yang-Mills Lagrangian 

Lym = i<*>, g = det (g^), (13.6) 

on J r C, where a G is a non-degenerate G -invariant metric on the Lie algebra Q r and g is a 
non-degenerate world metric on X. It possesses the gauge symmetries u 5 (113.211 . Their jet 
prolongation onto J l C read 


J\ = KC + c r qp aie)d? + (c r pq KK + + dxd^ r )d^, 


and we have transformation laws 


(13.7) 


J 1 ndK„) = c r pq P p ^ q , 

= c r pq Sl + d x d,H r . (13.8) 

The Euler - Lagrange operator of the Yang - Mills Lagrangian Lym (113.61) is 
ALym = Lym = E?9? Au = {8 n r d x + c^K^g^^y/WlK A w - 
Its kernel defines the Yang - Mills equation 

3* = Kdx + ^<? x ){a%grg*J* p y/W\) = 0- (13-9) 

A momentum phase space of gauge theory is the Legendre bundle 

n _ 

True : n -> C. n = AT*X®TX®[C x C]*, ( 13 . 10 ) 

c c 
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endowed with holonomic coordinates (x x ,a x ,pt^). The Legendre bundle II (113.1011 admits the 
canonical decomposition (112.1611 : 


n = n + ®n_, ( 13 . 11 ) 

c 

-tAM) I -p[^A] _ J,(M) , foA] , A/i\ , 1/ mA _ A^\ 

i'ra ,v 'm ' ' ra L'ra ' rm ^ ^ rn ' "ra ' 2 V"ra l J m )* 

The Legendre map associated to the Lagrangian (113.611 takes a form 

piZ x) oL ym = 0, (13.12) 

pt x] o Lym = a G mn g pa g xfi KpylW\- (13.13) 

A glance at this morphism shows that Kei Lym = C+, and the Lagrangian constraint space is 

N l = L ym (J 1 C) = n_. (13.14) 

It is defined by the equation piU^ = 0 (113.1211 . Obviously, Nl is an imbedded submanifold of II, 
and the Lagrangian Lym is almost regular. 

Let us consider connections T on a fibre bundle C —> X which take their values into Ker L, 

i.e., 

T: c -»■ c+, - r; A + = o. ( 13 . 15 ) 

Given a symmetric linear connection K (13.101) on T*X, every principal connection B on a prin¬ 
cipal bundle P —> X gives rise to a connection T B ■ C —» C+ such that 

T b o B = S o J X B. 


It reads 


r = ^[d,Bl + d x B; - P pq alal + c r pq (a p x B« + a’B *)] - K x \(a r p - BJ). (13.16) 


Given the connection (113.161) . the corresponding Hamiltonian form (112.2411 : 

H b = Pr^da p A uj\ — p Xp V B r Xp uj - Hymix, 

Hym = \ar9^9xppt X ¥f ] V\9l 


(13.17) 


is associated to the Lagrangian Lym (113.611 . It is the Poincare - Cartan form of a Lagrangian 

L h = \p Xp {a r Xp -T B \ p )-T-L ym}^ (13.18) 

on n x J 1 C. The pull-back of any Hamiltonian form H B (113.1711 onto the Lagrangian constraint 

c 

space N b (113.141) is the constrained Hamiltonian form (19.1511 : 


1 


H n = i* N H B = p [Xp \da r p A uj\ + ^c^a^a^w) - Uymu. 


(13.19) 


The corresponding constrained Lagrangian Lat on 

n l x j x c = n_ <g> j x c 

c c 

reads 

La t = ' Xp — Hym)u. 


(13.20) 

(13.21) 
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(13.22) 


Its pull-back Lu onto II x .PC is 
c 

Lu = — ' H-ym )w. 

Note that, in contrast with the Lagrangian (113.181) . the constrained Lagrangian Ln (113.211) 
possesses gauge symmetries as follows. Gauge symmetries (113.211 of the Yang - Mills Lagran¬ 
gian give rise to vector fields (112.491) : 

h = - c r qp e P ^di ( 13 . 23 ) 

on II. Vector fields J 1 ^ (113.71) and u j (113.231) provide gauge symmetries 

Ju^ = J 1 u + u (13.24) 


of the Lagrangians Ln (113.211) and Lu (113.221) in accordance with Theorems 112.61 112.71 

The Hamiltonian form Hb (113.171) yields the covariant Hamilton equation which consist of 
the equation (113.131) and the equations 

a^+a™ x = 2T (13-25) 

P\r = c lr r \P l q Xfl] ~ clpBxP^ + K x » v pl Xv) . (13.26) 

The Hamilton equations (113.251) and (113.131) are similar to the equations (112.261) and (112.271) . 
respectively. The Hamilton equations (113.131) and (113.261) restricted to the Lagrangian constraint 
space (|13.121) are precisely the constrained Hamilton equation (19.161) for the constrained Hamil¬ 
tonian form Hn (113.191) . and they are equivalent to the Yang - Mills equation (113.91) for gauge 
potentials A = iruc ° r - 

Different Hamiltonian forms Hb lead to different equations (113.251) . This equation is inde¬ 
pendent of momenta and, thus, it exemplifies the gauge-type condition (112.261) : 

T b oA = SoJ 1 A. 


A glance at this condition shows that, given a solution A of the Yang - Mills equation, there 
always exists a Hamiltonian form Hb (e.g., H b -a) which obeys the condition (19.131) . i.e., 

Hb ° Lym 0 J 1 A = J 1 A. 


Consequently, the Hamiltonian forms H B (113.171) parameterized by principal connections B con¬ 
stitute a complete set. 

It should be emphasized that the gauge-type condition (113.25|) differs from the familiar gauge 
conditions in gauge theory which single out a representative of each gauge coset (with the accuracy 
to Gribov’s ambiguity). Namely, if a gauge potential A is a solution of the Yang - Mills equation, 
there exists a gauge conjugate potential A' which also is a solution of the Yang - Mills equation 
and satisfies a given gauge condition. At the same time, not every solution of the Yang - Mills 
equation is a solution of the system of the Yang - Mills equation and a certain gauge condition. 
In other words, there are solutions of the Yang - Mills equation which are not singled out by 
the gauge conditions known in gauge theory. In this sense, this set of gauge conditions is not 
complete. In gauge theory, this lack is not essential since one can think of all gauge conjugate 
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potentials as being physically equivalent, but not in the case of other non-regular Lagrangian 
systems, e.g., that of Proca fields ([10], Example 4.6.5). 

In the framework of the PS Hamiltonian description of quadratic Lagrangian systems, there is 
a complete set of gauge-type conditions in the sense that, for any solution of the Euler - Lagrange 
equation, there exist constrained Hamilton equation equivalent to this Euler - Lagrange equation 
and a supplementary gauge-type condition which this solution satisfies. 

In gauge theory where gauge conjugate solutions are treated physically equivalent, one may 
replace the equation (113.251) with a condition on the quantity 

(5 O = ±(d x A): + d,A\ - c r pq AlAl), 

which supplements the Yang - Mills equation and plays a role of a gauge condition due to the 
gauge transformation law (113.81) . In particular, 

g x > l (SoJ 1 A) r x ^=a r (x) (13.27) 

recovers the familiar generalized Lorentz gauge condition. 

14 Affine Lagrangian and Hamiltonian systems 

Let us turn now to a case of an affine Lagrangian system on a fibre bundle Y —> X whose 
Lagrangian is given by the coordinate expression 

L = £co, C = b x y\ + c, (14.1) 

where b and c are local functions on Y. The corresponding Legendre map L (11.141) takes a form 

Pi°L = b x . (14.2) 

We have the commutative diagram 

J l Y -^Qcn 

\/6 

Y 

b = b x uj\ <g> dy\ 

where Q = b(Y) is the image of a section & of a Legendre bundle n —>• Y. Clearly, the Lagrangian 
(114.11) is almost regular without fail. 

Let r be an arbitrary connection (13.81) on a fibre bundle Y —> X, and let T the associated 
Hamiltonian map m - This Hamiltonian map satisfies the condition (1331) , where L is the 
Legendre morphism (114.21) . Let us consider the Hamiltonian form (19.61) corresponding to T. It 
reads 

H = H r + L oT = p x dy l A uj\ — (p x - b x )T\u> + cw, (14.3) 

and is weakly associated to the affine Lagrangian (114.11) . The corresponding Hamiltonian map 

y\oH = T\ (14.4) 
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coincides with T, i.e., H (114.311 is associated to L. 

The Hamiltonian form H (114.311 is affine in canonical momenta. It follows that the Hamilton 
equation (16.41) for H reduce to the gauge-type condition 

d X r l = r\, 

whose solutions are integral sections of the connection T. 

Conversely, for each section s of a fibre bundle Y —» X, there exists a connection T on Y 
whose integral section is s. Then, the corresponding Hamiltonian map (114.41) obeys the condition 
(19.131) . It follows that the Hamiltonian forms (114.31) parameterized by connections T on a fibre 
bundle Y —> X constitute a complete family. 

The most physically relevant examples of affine Lagrangian and PS Hamiltonian systems are 
Dirac spinor fields and metric affine-gravitation theory 10 s (3,8, SQj. 

15 Functional integral quantization 

The fact that PS Hamiltonian system with the Hamiltonian form H (15.21) on a Legendre bundle 
n is equivalent to a first order Lagrangian system on n with the Lagrangian Lh (16.21) enables us 
to quantize this PS Hamiltonian system in the framework of familiar perturbative quantum field 
theory mm- 

If there is no constraints and the matrix d 2 'H/dp^dp" is non-degenerate and positive-definite, 
this quantization is given by the generating functional 

Z = N~ 1 j exp{ J(C n + A + iJiy 1 + iJffi)dx} JJ[dp(o:)][dj/(a:)] (15.1) 

of Euclidean Green functions, where A comes from the normalization condition 

[ ex P{ [(-7~fi l d 3 v U$p'< + A)dx } J|[dp(a;)] = 1. 

J J X 

If a Hamiltonian LL is degenerate, the Lagrangian Lh (16.21) may admit gauge symmetries. In 
this case, integration of a generating functional along gauge group orbits must be finite. If there 
are constraints, the Lagrangian system with the Lagrangian Lh (16.21) restricted to a constraint 
space is quantized. 

In order to verify this functional integral quantization scheme, we apply it to PS Hamiltonian 
systems associated to Lagrangian systems with quadratic Lagrangians (|12.1D . Note that, in the 
framework of perturbative quantum field theory, any Lagrangian is split into a sum of some 
quadratic Lagrangian (112.11) and an interaction term quantized as a perturbation. 

For instance, let the Lagrangian (112.11) be hyperregular, i.e., the matrix function a is non¬ 
degenerate. Then there exists a unique associated Hamiltonian system whose associated Hamilto¬ 
nian form H (19.11) is quadratic in momenta pf, and so is the corresponding Lagrangian Lh (16.21) . 
If the matrix function a is positive-definite on an Euclidean space-time, the generating functional 
(115.11) is a Gaussian integral of momenta p?(x). Integrating Z with respect to P l ‘ {x), one restarts 
the generating functional of quantum field theory with the original Lagrangian (112.11) . We ex¬ 
tend this result to theories with almost regular Lagrangians L (112.11) . e.g., Yang - Mills gauge 
theory. The key point is that, though such a Lagrangian L yields Lagrangian constraints Nl 


46 
























(112.1911 and admits different associated Hamiltonian forms H , all the Lagrangians Lh coincide 
on a constraint space J X Y Xy Nl, and we have a unique constrained Lagrangian system with a 
Lagrangian Ljy which is equivalent to the original one. 

Let us quantize a Lagrangian system with the Lagrangian Ln = £n& (112.291) on a product 
J X Y Xy Nl. In the framework of a perturbative quantum field theory, we should assume that 
X = K™ and Y —> X is a trivial affine bundle. It follows that both the original coordinates 
(x x ,y l ,p x ) and the adapted coordinates (x x ,y l ,p a ,PA) on the Legendre bundle n are global. 
Passing to field theory on an Euclidean space K ra , we also assume that the matrix a in the 
Lagrangian L (|12.14l) is positive-definite, i.e., ciaa > 0. 

Let us start with the Lagrangian (112.291) without gauge symmetries. Since a Lagrangian 
constraint space Nl can be equipped with the adapted coordinates pa , the generating functional 
of Euclidean Green functions of a Lagrangian system in question reads 

Z = A/" -1 J exp{ J (£jv + ^tr Inch + iJ,y l + iJ A p A )w} Y\[dp A {x)][dy(x)], (15.2) 

where Cn with respect to the adapted coordinates is given by an expression 

C N = M~ lxA p A r x - \ J2(a A Ar\PA) 2 + c', 

" A 

and oh is a square matrix 

a AB = M- IXA M- I fa 0 % = 5 AB {a AA )- 1 . 

The generating functional (115.21) is a Gaussian integral of functional variables pa(x). Its 
integration with respect to pa{x) under the condition J A = 0 restarts a generating functional 

Z = A/ --1 J exp{ J(C + iJiy^u} JJ[dy(x)], (15.3) 

of the original Lagrangian field system on Y with the Lagrangian (112.141) . However, the generating 
functional (115.21) can not be rewritten with respect to the original variables pf , unless a is a non¬ 
degenerate matrix function. 

In order to overcome this difficulty, let us consider a Lagrangian system on the whole Legendre 
manifold n with the Lagrangian Lu (112.311) . Since this Lagrangian is constant along the fibres 
of a vector bundle n —> Nl, the integration of the generating functional of this field model with 
respect to variables p a (x) should be finite. One can choose the generating functional in a form 

Z = A/” -1 f exp{ f (£ n - x^PiPj + | tr lncr + iJ iV l + M ]J[dp(x)}[dy(x)}. (15.4) 

X 

Its integration with respect to momenta p x {x) restarts the generating functional (115.31) of the 
original Lagrangian system on Y. 

Remark 15.1. Strictly speaking, since a Lagrangian Ln may possess gauge symmetries 
IRemark 112.31) . in order to obtain the generating functional (115.41) . one can follow a procedure 
of quantization of gauge-invariant Lagrangian systems. In a case of the Lagrangian Ln (112. 311) . 
this procedure is rather trivial because the space of momenta variables p a (%) coincides with the 
translation subgroup of the gauge group Aut Ker oo. • 
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Now let us suppose that the Lagrangian Ln (112.2911 and, consequently, the Lagrangian in 

(112.311) (Theorem 112.71) are invariant under some gauge group G,\ of vertical automorphisms 
of a fibre bundle Y —> X (and the induced automorphisms of II —» X) which acts freely on a 
space of sections of Y —>• X. Its infinitesimal generators are represented by vertical vector fields 
u = u l (x fl . y^)di on Y —>• X which give rise to the vector fields u = Ju (112.531) : 

u = u l di - dju l Pid{ + d\u l di, d\ = d x + y\di, ( 15 . 5 ) 

on II x J X Y. Let us also assume that Gx is indexed by m parameter functions £ r (x) such that 
u = u l (x x , yi, £ r )di, where 

u\x x ,y\n = K(x x ,y^)C + u i r ^x x ,y^)d^ r ( 15 . 6 ) 

are linear first order differential operators on a space of parameters £ r (x) H3HS]. The vector 
fields u((; r ) must satisfy the commutation relations 

M?)M? p )] = u(<Z q ? p Z q ), 

where c r pq are structure constants. The Lagrangian Ln (112.311) is invariant under the above 
mentioned gauge transformations iff its Lie derivative L^Ln along vector fields (115.51) vanishes, 
i.e., 

(■ u l di - djU l p x d{ + d\u l d x )Cn = 0. (15-7) 

Since the operator L^- is linear in momenta pf, the condition (115.71) falls into the independent 
conditions (112.551) . It follows that a Lagrangian Ln is gauge-invariant iff its three summands are 
separately gauge-invariant. 

Since S' x = y\ — , one can easily derive from the formula (112.511) the transformation law 

u{S p ) = d^ id — dju'T^ = clfj,u l — djU l (yj l — S^) = d^u 1 + djiYS^ ( 15 . 8 ) 

of S. A glance at this expression shows that the gauge group Gx acts freely on a space of sections 
S(x) of the fibre bundle KerL —> Y in the splitting (112.121) . Let the number m of parameters of 
a gauge group Gx do not exceed the fibre dimension of KerL —> Y. Then some combinations 
b r ^S l p of S p can be used as the gauge condition 

V*S\ i {x)-a r {x) = 0, 

similar to the generalized Lorentz gauge (113.271) in Yang-Mills gauge theory. 

Turn now to quantization of a Lagrangian system with the gauge-invariant Lagrangian Ln 

(112.311) . In accordance with the well-known quantization procedure, let us modify the generating 
functional (115.41) as follows 

Z = A/" -1 J exp{ j (£ n - a '/jPiPj + 7) tr ln,T ~ ^h rs a r a s + iJ.y 1 + 

A n x S ( br i S »( x ) - a r {x))[da(x)][dp(x)][dy(x)] = 

X 

AT'- 1 J exp{ J (£ n - ^lx^PiPj + lncr - ^h ra b r ?b a $,Sffi + iJiy 1 + iJ^u} 

A ~[{[dp{x)][dy(x)], ( 15 . 9 ) 
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where 


f ex p{ f\-^h rs a r a s )u} JJ[da(a:)] 

** X 

is a Gaussian integral, and the factor A is defined by the condition 

A / I[x6{u{SW!tS i tl )M(x)] = l. 

J X 

We have the linear second order differential operator 

m:c = uitwt&jx)) = b r ?(d M u*( o+ d^si) 


(15.10) 


on the parameter functions £(x), and obtain A = det M. Then the generating functional (115.91) 
takes a form 


Z = U‘ 


1 ij ^ 


1 . 


I exp {J (£ n - p'j + ^ lncr - -h rs b r ?b s '- c r M r s c s + 

iJiy 1 + Y[[dc][dc][dp(x)][dy(x)], (15.11) 

X 

where c r , c s are odd ghost fields. Integrating Z (115.111) with respect to momenta under the 
condition J* = 0, we come to the generating functional 

Z = N'~ 1 f ex p{ f (C - ^h rs b r fb S jS^S : x - c r M r s c s +%J i y t )ix} \\[dc\[dc}[dy(x)\ (15.12) 

•' •' X 

of the original Lagrangian system on Y with the gauge-invariant Lagrangian L (112.141) . 

Note that the Lagrangian 

C' = C- ^h rs b r ?b s $s;s{ - c r M r s c s (15.13) 

fails to be gauge-invariant, but it admits the BRST symmetry whose odd operator reads 


d 


i9 = u l (x fl ,y\c s )di + dxu l (x ll ,y 2 ,c s )d i + u r (a; M , y\ yJJ — + 

v r (x^,y\c s ) A + d x v r (x li ,y t ,c a )-^ F + d tJ ,dxv r (a^, y\ c s ) 9 


dc r 


dc\ 


r)r r ’ 


(15.14) 


d x = d x + y\d t + y\^ + A + A. 

Its components u l (x M , y l , c s ) are given by the expression (115.61) where parameter functions Ci x ) 
are replaced with the ghosts c r . The components v r and v r of the BRST operator $ can be 
derived from the condition 

tf(£') = -h rs M r q b s ]S{c q -v r M r q c q + c r d{d(b r ^S{)) = 0 
of the BRST invariance of C. This condition falls into the two independent relations 
hr S M r q b S ]S{+VrM r q = 0, 

■&{<«)W<?){V*S{)) = u(cP)(u(ci)(b^S{)) + u(v r )(b r $s{) = u(±c! pq <?c'i + v r )(b r $Si) = 0. 
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Hence, we obtain 


v r = - h rs b sX S{, v r = 

In particular, let us turn to Yang - Mills gauge theory of principal connections in Section 13. 
Its constrained Lagrangian L n (113.221) is invariant under the gauge transformations (113.241) . In 
view of the transformation law (113.81) . one can chose the gauge condition (113.271) : 

Sa m O) - a r (x) = ^g Xfi (d x a^(x) + d M a r A (x)) - a r (x ) = 0, 


which is the familiar generalized Lorentz gauge. The corresponding second-order differential 
operator (115.101) reads 



Passing to the Euclidean space and repeating the above quantization procedure, we come to the 
generating functional 


Z = M 


-i 


exp{ Jip^J 1 - aG n g^g\0P™P V n V\9\~ 


+ d v a r a )(d x a° + d,a s x ) - + d,a\)c* + + X) 


+iJr a lt 


■ iJ^xPr^u} Y{[dc\[dc][dp(x)][da(x)]. 


Its integration with respect to momenta restarts the familiar generating functional of gauge 
theory. 


16 Algebraic quantization. Quantum PS bracket 

Canonical quantization of time-dependent non-relativistic mechanics on a fibre bundle Q —>■ R in 
Section 7 is adequately formulated is geometric quantization of the vertical Poisson bracket {, }y 
to in mini- This fact motivates us to investigate quantization of the PS bracket {,}ps 

(IQll . 

Let us note that one can quantize only linear spaces of variables, and therefore the condition 
of Y -4- X to be a vector bundle is not a loss of generality. 

In particular, in order to quantize the PS bracket {, }ps, one can be based on the fact that 
this bracket defines the Lie bracket (110.211) of Noether Hamiltonian currents which brings a 
vector space J{J1) of these currents into a Lie algebra. Then a representation of this algebra 
by operators acting in some space can be treated as a variant of quantization of the PS bracket 
{, }ps- However, such kind quantization fails to be a quantization of fields, but that of currents 
in the spirit of the well known current algebra approach [4^1 . 

In a different way, we can restrict our consideration to a subspace of linear functions in y 1 
and p* represented as (n— l)-forms F x uj\ due to the isomorphism (11.181) and can modify the PS 
bracket {,}ps (14.31) as 

{F,G}'= j{F, G} PS 
w 
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where W is some compact (n — l)-dimensional submanifold of X. This bracket leads us to a 
nuclear algebra of canonical commutation relations whose representations can be investigated in 
a standard way mug. 
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